
Can Real-Time Systems be Chaotic?

Lothar Thiele and Pratyush Kumar

Computer Engineering and Networks Laboratory

Swiss Federal Institute of Technology Zurich, Switzerland

Abstract—In this paper, we take a dynamical systems perspective
of real-time systems. In particular, we investigate the evolution of
response times of periodic jobs and aim to show that oscillatory and
chaotic behavior can be exhibited by standard scheduling algorithms.
To this end, we present a simple periodic task specification that leads to
oscillations of response times for a fixed priority scheduler. We then show
three task specifications that lead to complex dynamic behavior under
various scheduling algorithms: (a) round robin, (b) multiprocessor fixed-
priority, and (c) priority inheritance protocol. As a practical validation of
the results, we implemented the multiprocessor fixed-priority scheduler
using POSIX threads and standard locking mechanisms. Finally, we
discuss general observations and implications of the observed and proven
phenomena.

I. INTRODUCTION

The study of real-time systems mainly focuses on analyzing the

lower and upper bounds on the response times for different scheduling

scenarios such as round robin, fixed priority and priority inheritance

in single- and multi-processor systems. This is practically motivated

as such analysis helps to ascertain that deadlines are met and buffers

do not overflow or underflow. Significant research questions are how

to obtain hard bounds, and how to design systems to limit such

bounds.

Response times of jobs often depend on what has been happening

in the past. Some of the properties influencing the response times

are for example queued jobs, the order of arrival of jobs, and the

blocked resources. Under this view, we can think of a real-time

system as some dynamical system where the quantities of interest are

the response times of jobs of a task. A fixed evolution rule, dependent

on the scheduling algorithm and the task models, describes how the

response times vary across jobs. This variation is affected by the state
of the system, which consists of properties such as the length of the

pending queue, the associated remaining computing times of jobs, and

other scheduler states. For a non-stochastic real-time system, given

the initial conditions and future job arrivals, we can determine the

evolution of all future response times.

In light of the above perspective, the standard response time

analysis of real-time systems can be viewed as finding extrema on the

set of all future response times. In addition to the extrema, we can

also study other properties of the set of observed response times and

their evolution over time. In particular, we can ask questions like: Do

response times reach a fixed point, do they show periodic behavior,

or is the evolution completely erratic, i.e., chaotic. Such questions

have generated significant research interest in diverse disciplines

such as geology, mathematics, microbiology, biology, economics,

engineering, finance, meteorology, physics, and population dynamics.

Driven by curiosity, we have been interested to see whether known

phenomena of other dynamical systems can be observed in real-time

systems in order to deepen our understanding of the class of systems

we are dealing with, and to classify the properties they can exhibit.

At this moment in time one can only speculate whether the surprising

new insights eventually lead to relevant practical implications as it

has been the case in some of the above mentioned areas.

One particularly interesting behavior of certain classes of dynam-

ical systems is that of chaos. In this case, deterministic evolution

rules of the system states lead to seemingly erratic behavior. These

systems are highly sensitive to initial conditions which can be

interpreted as (Edward Lorenz): “... the present determines the future,

but the approximate present does not approximately determine the

future.” Chaotic behavior is often found in systems with non-linear

dynamics and feedback mechanisms. One may remain hopeful about

identifying chaotic behavior in real-time systems as the evolution of

response times can be non-linear. A first example is the occurrence

of discontinuities in response times of a preemptive fixed priority

scheduler. As already discussed, feedback mechanisms are also found

in real-time systems: Response times of current jobs can affect the

response times of future jobs. In the paper, we aim to identify
different scheduler algorithms and task settings which lead to complex
behavior of response times.

Related work: Thinking of real-time systems as dynamical

systems is not new, see for example [1]. In addition there has been

some work, spread in time and area of interest, which study complex

behavior in performance of queueing systems. The study of chaotic

properties of manufacturing process was first discussed in [2]. In [3],

the authors present the bucket brigade method as the first case of

chaotic behavior in discrete manufacturing processes. Different man-

ufacturing networks with feedback which lead to chaotic behaviour

was studied in [4]. In [5], the authors studied a simple queueing

system where the rate of serving two queues is given by a control law

dependent on the difference between their fill rates. They showed that

the buffer fill values evolve chaotically if the control law is suitably

chosen to be a non-linear function. This problem was further studied

in [6], [7], [8]. We did not find any specific work on the analysis of

chaotic response-time evolutions in real-time systems.

Main contributions: In order to explicitly model feedback in

real-time systems, we make us of standard task models that allow

to specify task dependencies (acyclic DAG model). New jobs are

released after a specific delay upon the finish of certain other jobs.

These new jobs can then interfere with subsequent jobs and affect

their response times, thereby modeling feedback as required for

complex dynamic behavior. Based on this standard specification

mechanism, we study different scheduling algorithms. We show that

with a fixed priority scheduler, we observe a periodic behavior of

response times with large periods. With a round-robin scheduler,

we demonstrate response time behavior that shows signs of chaos.

We show that this system shows a gradation of periodic and chaotic

behavior for different parameter values. Furthermore, self-similarity

is empirically observed, i.e., the characteristic of the evolution of

response times exhibits a pattern that repeatedly displays at every

scale of parameter variations. Then, we study a multiprocessor

scheduling system, where we demonstrate chaotic behavior as well,

which follows an existing chaotic map called the gingerbreadman

map. We implement this scheduler using POSIX threads and standard

locking mechanisms on a multicore processor. The measured response

times confirm exhibition of chaotic behavior. In addition, we study a



priority inheritance protocol and again demonstrate chaotic behavior

as specified by the gingerbreadman map. Finally, we describe some

implications of complex dynamic behavior in real-time systems.

Organisation: We define the task model that will be used

throughout the examples in Section II. In Section III we present the

example of an oscillatory system with large periods. We give three

examples of chaotic systems in Sections IV, V and VI. We finally

conclude with some implications of the results in Section VII and

conclusions in Section VIII.

II. TASK MODEL

In this section, we define the task model and the associated

notation, which we subsequently use in various scenarios. It is a

standard model that allows to specify dependencies between tasks

by means of acyclic graphs (DAG), see e.g., [9]. As feedback

mechanisms are an important characteristic of complex dynamic

systems, we specifically model situations where the completion of

a job releases some other jobs after statically specified delays. We

sometimes refer to these new jobs as “feedback” jobs, as they can

potentially affect the timing behavior of the system after a certain

delay. We illustrate such a task system with an example.

Example 1. Consider a CAN bus that is serving all incoming and
outgoing messages of an Electronic Control Unit (ECU). Whenever
a measurement arrives from some external sensor, it is scheduled to
be transmitted on the CAN bus. After the successful transmission to
the ECU, the ECU computes a control value. This computed value
is transmitted to an actuator through the same CAN bus.

Thus, for the CAN bus as a resource, upon completion of a
job (transmitting the sensor measurement), a new “feedback” job
(transmitting the control value) is generated which is released after
a specific delay (time for the ECU to compute).

The above example illustrates the creation of a single feedback

job. More generally, multiple feedback jobs could be created after

different delays upon the completion of the original job. In general,

we will use the following periodic task model.

Definition 1. A task system can be modeled as a set of acyclic
directed task graphs G = (V,E) where nodes represent tasks and
edges represent dependencies. The release, finishing and response
times of the i-th job of a task v ∈ V are denoted as Av(i), Fv(i)
and Rv(i) = Fv(i)− Av(i), respectively. The execution time of the
jobs of task v ∈ V is denoted as Cv .

Each task graph G has a single source node s ∈ V , i.e., a node
without predecessors. To each task graph G there is associated a
period P and a phase φ, which denote the period and the phase at
which the jobs of its source task are released, i.e., As(i) = iP + φ
for i ≥ 0.

To each dependency (v, w) ∈ E from node v ∈ V to node w ∈ V
there is associated a delay D(v, w): A new job of task w is released
D(v, w) time units after the finishing time of the corresponding job
of task v, i.e., Aw(i) = D(v, w) + Fv(i) for i ≥ 0.

Depending on the specific scenario, the jobs of a task system can

be scheduled according to different policies such as fixed priority,

round-robin, fixed priority with priority inheritance or even executing

on different processors. For instance in Example 1, messages to the

actuator could have a higher priority on the fixed-priority CAN bus

than messages from the sensor. In such settings, the execution of a job

can affect the response time of other jobs from the same task, from

other tasks, from the same period or from other periods. As we will
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Fig. 1. Setting for fixed priority scheduling scenario.

show, these interferences lead to sometimes unexpected variability in

the response times of jobs.

The initial conditions of a task system will play a significant

role in the forthcoming analysis. In some cases, we will need to

specify properties of backlogged jobs that did not yet complete their

execution but are part of the the initial system state, i.e., they exist on

the system prior to the first job release. This information determines

a significant part of the overall initial system state from which the

dynamic evolution starts. We model this situation simply by listing

the release times of earlier jobs of tasks. In other words, for some

task v we specify a list Rv = [Rv(−1), Rv(−2), . . .], where Rv(i)
is the response time of the ith job with i < 0, i.e., before the first

job i = 0 which we explicitly release.

In all scenarios described in the paper, we investigate the evolution

of the response times of the periodically released source task s ∈ V
of one of the task graphs G = (V,E) of a task system, i.e., we are

interested in Rs(i) = Fs(i)− (iP + φ) for i ≥ 0.

III. FIXED PRIORITY SCHEDULING

In this section, we will present our first example of a real-time

system with fixed-priority scheduling that shows complex behavior

of its response times. In particular, the resulting system shows

oscillatory behavior with periods which can be arbitrarily large.

The task setting is shown in Fig. 1. The tasks are scheduled using a

fixed priority scheduler with priorities πs = 1, πv > πs and πw > πs

for tasks s, v and w, respectively, where low numbers denote low

priority. There are no jobs in the system initially. The parameters are

chosen such that previous jobs of tasks v and w can interfere with

jobs of task s. Thus, the maximum interference is Cv + Cw = 2.

Hence, the response times of the jobs of task s are in the interval

Rs(i) ∈ [1.01, 3.01]. As mentioned before, we sometimes refer to

the jobs of tasks v and w as feedback jobs as they are activated by

jobs of task s and can affect the response times of jobs of task s.

A. Simulation Results

For the task parameters defined above, we simulate the schedule for

the interval 0 ≤ i ≤ 500. All simulations and numerical computations

in the paper are performed symbolically using Mathematica [10] and

thus do not have any rounding errors, which can be significant at

high resolutions. The response times of the jobs of task s are plotted

in Fig. 2. Notice how the response times change periodically within

the specified bounds. It can be observed that there are 102 distinct

values of the response times. Due to the limited resolution, this is

not visible in Figs. 2 and 3.

We will now briefly discuss how such a variability is generated.

The response time of the first job of task s equals its execution time,

i.e., 1.01. The response time of the second job of s also equals 1.01

as the corresponding job of v does not interfere with it. The third

job of s suffers interference from first job of w. The subsequent

jobs of s start to suffer greater interference and their response time
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Fig. 2. Response times across jobs for the fixed priority scheduler.
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Fig. 3. Response time map for the fixed priority scheduler.

increases. Interestingly, as the response times of the jobs of s increase,

the interference from jobs of v and w also increases linearly. This

continues until the response time of a job of s increases to 3.01

when the response time of the next job of s decreases to 2.01, and

subsequently to 1.01. This process repeats periodically.

B. Response Time Map

We now plot the set of all pairs (Rs(i), Rs(i + 1)) for i ≥ 0 in

Fig. 3. First note that there is no fixed-point, i.e., there is no Rs(i)
such that Rs(i + 1) = Rs(i). Furthermore, the arrows illustrate the

observed periodic response time evolution.

During the linear segment, the response time rises because of

increasing interference from jobs of task v. This process halts when

the response time rises enough to completely remove the interference

from jobs of w. This then leads to the complete removal of the

interference from jobs of v and the cycle repeats. Thus, the interplay

between the arrival times of the feedback jobs, which in turn depend

on finishing times of the jobs of s, leads to the interesting periodic

behavior.

C. Remarks

In our first example, we have seen that sustained periodic changes

to the response times can occur because of interference from depen-

dent jobs. We look at some salient points of this example.

P = 10
= 0
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Fig. 4. Setting for the round robin scheduling scenario.

• The periodic evolution of response times is possible because

of the absence of a fixed point in the response time map. We

studied several examples of tasks with a single dependent job

for the fixed priority scheduler. In all configurations, we found

a fixed point and thus no periodic evolution. We believe that the

constructed example with two dependent jobs is the minimal

setting where large periodic evolutions of response times can be

observed.

• The execution time Cs = 1.01 is responsible for the large

period. A smaller value such as Cs = 1.005 would lead to even

larger periods. This example illustrates that small deviations

which will likely not have a large impact on the upper-bound of

the response time can greatly affect the variation of the response

time across jobs.

IV. ROUND ROBIN SCHEDULING

We consider now two tasks graphs, one consisting of two tasks

s and v, the other one with a single task s′. We will study two

different initial conditions as specified by the two initial response

times Rs(−1) = 1.1 or Rs(−1) = 1. All tasks are scheduled

according to round-robin as depicted in Fig. 4. We assume a small

scheduling epoch, which fluidly divides the processing power. For

instance, when two different jobs are queued, each job receives half

the processing cycles per time unit. Similarly, when three different

jobs are queued, each job receives one-third of it.

As an example, consider a shared bus with a bandwidth of 100

MB/s that arbitrates streams of packets according to round-robin.

In a round-robin policy, time slices are assigned to each stream with

pending packets in equal portions in a circular order. The bus services

three sets of streams. Task s′ represents stream s′ that is a periodic

stream with period 10 s, phase 1 s and a payload size of 100 MB.

Stream s is identical but has a phase of 0 s. Once a packet of s is

transmitted it is processed by a compute unit with a fixed execution

time of 8s. The output of this compute unit is another stream v with

a payload size of 100 MB. We are interested in the response time of

packets from stream s.

The sample trace in Fig. 5 shows how the full bandwidth of the

bus is distributed to the three streams as a function of time for

Rs(−1) = 1.1. When a single stream has pending packets, it receives

the full bandwidth of 100 MB/s. When two streams have pending

packets, both receive 50 MB/s according to the round-robin policy

under the assumption of negligibly small time-slices. Similarly, when

three streams have pending packets, they all receive 100/3 MB/s each.

Further, the arrival time of the packet with index i of stream v is 8

s later than the finish time of the packet with index i of s. As can

be seen from the figure, different packets of s experience different

response times due to variation in the amount of interference from

the two other streams. Indeed, all the first five packets have different

response times.

3
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Fig. 6. Response times across jobs for the round robin scheduler with
Rs(−1) = 1.1 .

A. Simulation Results

We study the response times of the jobs of s, where Rs(i) denotes

the response time of the ith job. We simulate the schedule for two

cases of the initial conditions: (a) Rs(−1) = 1 and (b) Rs(−1) =
1.1. , respectively. For the first case, the response time of all jobs

exactly equals 1. The response times of the first 500 jobs of s for

Rs(−1) = 1.1 are shown in Fig. 6: The response times vary with no

apparent periodicity. We will show later that this irregular variation

shows properties of chaotic behavior. It can be shown that such a

behavior will be observed whenever Rs(−1) is greater than 1.

For the case when Rs(−1) = 1, at the release of the first job at

time 0, there are no backlogged jobs. Hence, the job finishes by time

1. In turn, this implies that the job of v will not interfere the next

job of s (job of task v finishes before the arrival of the next job).

This process repeats, and thus we have a fixed point of the response

time map of 1.

For the case when Rs(−1) = 1.1, the first job finishes at 1.2. This

in turn causes a larger interference for the second job of s, which has

a response time of 1.4. This evolution in response time is illustrated

for the first five jobs in Fig. 5. This process continues leading to

the chaotic behavior in the response times as shown in Fig. 6. It is

remarkable, how the two very similar initial conditions lead to very

different variations in the response times. For any initial condition

with Rs(−1) > 1, we observe irregular variations in the response

time.
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Fig. 7. Response time map for the round robin scheduler for Rs(−1) = 1.1.

B. Response Time Map

Since, the delay of the job of v is less than the period, we can

compute the response time of a job given the finish times of the

previous job. This is represented as the response time map M with

Rs(i + 1) = M(Rs(i)). From the analysis of the round robin

scheduler, we obtain the response time map as shown in Fig. 7.

Notice that 1 is a fixed point, i.e., M(1) = 1. This confirms the

constant response time of 1 if Rs(−1) = 1. We will now prove a

necessary condition for M being a chaotic map, see e.g., [11]:

Theorem 1. The response time map M shown in Fig. 7 has sensitive
dependence on initial conditions in its domain.

Proof. A necessary condition for a map to be a chaotic is a sensitive
dependence on initial conditions [11]. In other words, if we start from

two very close but not the same points, and apply the map several

times, then the two points must diverge, exponentially quickly. This

property is equivalent to checking that the Lyaponuv exponent is

positive. The Lyaponuv exponent, denoted λ, for a map M starting

from some initial point x0 is given as

λ = lim
p→∞

1

p

p−1∑

i=0

ln |M ′(xi)|, (1)

where

xi = M(xi−1), ∀ i > 1 (2)

and M ′(x) denotes the derivative of M(x) w.r.t. x. We show that the

map of Fig. 7 has a positive Lyaponuv exponent. The map comprises
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Fig. 8. Response time across jobs for the round robin scheduler with
D(s, v) = 8.6 and Rs(−1) = 1.1.

of 3 linear segments, none with a slope in the region (−1, 1). Thus, in

each term in the summation of (1) we have positive terms (logarithms

of numbers with none lesser than 1 and some greater than 1).

In addition to the positive Lyaponuv exponent, the map M is closed

under itself in the domain D = [1, 2.5], i.e., M [D] = D. This proves

that M has sensitive dependence on initial conditions in its domain.

The above theorem confirms that the variation observed in the

response times in Fig. 6 shows a sensitive dependence on initial

conditions.

C. The Delay Parameterisation

So far we have fixed the delay between the finishing of a job of s
and the release of the corresponding feedback job of v to D(s, v) =
8. We now study the same setup for a different value of D(s, v).
In particular, consider D(s, v) = 8.6 with Rs(−1) = 1.1. For this

case, the simulated response times are shown in Fig. 8. Clearly, the

response times of the jobs change periodically (except for the initial

few jobs) with only four unique response times. The corresponding

response time map is shown in Fig. 9. Thus, while we observed

properties of chaotic behavior with Rs(−1) = 1.1 for D(s, v) = 8,

a change to D(s, v) = 8.6 makes the behavior periodic with a small

period of 4.

The variation of the response times is thus a function of the delay

parameter. To study this more closely, we compute the response time

map with a parameter δ where D(s, v) = 8−δ. Again by performing

response time analysis for the round robin scheduler we obtain the

following map with δ as a parameter:

Rs(i+ 1) = Mδ(Rs(i)) (3)

where,

Mδ(x) = 2 · (x− δ)− 1, 1 ≤ x ≤ 3/2 + δ,

= 1/2 + (x− δ), 3/2 + δ < x ≤ 2 + δ,

= 11/2− 3/2 · (x− δ), 2 + δ < x < 3 + δ,

= 1, 3 + δ ≤ x ≤ 5/2. (4)

The above function may be understood as follows. It consists of

at most four piece-wise linear segments. Three of these with slopes

2, 1, and -3/2 are represented in Fig. 7. The δ parameter (which is

a negative number) shifts the plot of Fig. 7 to the left by −δ. If
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Fig. 9. Response time map for the round robin scheduler with D(s, v) = 8.6.

δ < −0.5, then at the end of the domain, we have the fourth linear

segment with a slope 0 and the constant response time of 1. This can

be verified with the map of Fig. 9. To obtain this map, we left-shift

the map of Fig. 7 by 0.6 (as δ = −0.6), and then insert a zero slope

segment at the end of length 0.1 (=−δ − 0.5).

For δ = −0.6, we observed periodic variation in the response time.

We now show that one of the conditions for chaotic behavior is not

satisfied for δ < −0.5.

Theorem 2. For δ < −0.5, the map of (4) has non-sensitive
dependence on initial conditions in part of its domain.

Proof. Let us define S = (3 + δ, 5/2] ⊆ D. Then from (4) we

conclude that Mδ(x) = 1 for all x ∈ S. Therefore, Mn
δ (x) =

Mn
δ (y) for all n ≥ 1 and for all x, y ∈ S. Therefore, there exist

x, y ∈ D such that ‖x− y‖ > 0 but ‖Mn
δ (x)−Mn

δ (y)‖ = 0 for all

n ≥ 1.

D. Bifurcation Diagram

We have seen that the map of (4) is sensitive on initial conditions

in its domain for some values of δ and not for others. A standard

way of representing such a dependence is the bifurcation diagram.

In such a diagram we vary a parameter and plot the unique values in

the evolution of response times. The number of such unique values

is an upper-bound of the periodicity. For the map of (4), we plot the

bifurcation diagram in Fig. 10.

For small values of δ, around -0.75, we have a very small period.

As the value of δ increases, we see a larger number of unique

response times. In particular we see the common phenomenon of

period doubling [11], i.e., at certain specific values of the parameter,

the period doubles as new unique values emerge. For δ close to -

0.5, we have very large periods, ultimately leading to the observed

behavior for δ ≥ −0.5.

We also were interested in observing self-similarity which is a

common phenomenon observed in many bifurcation maps [11]. A

self-similar object has exactly or approximately the same shape as

one or more of its parts. To this end, we zoomed into the bifurcation

map for specific ranges of the parameter δ. In particular, we consider

two ranges R1 = [−0.57,−0.54] and R2 = [−0.5526,−0.55412].
Note the relative lengths of these ranges. The length of R1 is about

11% of the plot in Fig. 10, while the length of R2 is about 5% of the

length of R1. Also note that R2 is contained in R1. For both these
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Fig. 11. Bifurcation diagrams for different ranges of the parameter δ for the map of (4).
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Fig. 10. Bifurcation diagram for the round robin scheduler.

ranges, of the parameter, we plot the bifurcation diagram in Fig. 11.

The plots show a striking similarity. We observed similar patterns on

zooming into other smaller regions of the parameter range.

E. Remarks

• To the best of our knowledge, the presented setting of round

robin scheduling is the first example of a standard scheduling

algorithm that shows signs of chaotic behavior. The response

times of the jobs of task s vary irregularly and are sensitive to

initial conditions, in spite of the seemingly simple specification.

• To the best of our knowledge, the family of maps given in (4)

for δ ≥ −0.5, has not been observed in any other setting before.

• The bifurcation diagram with δ as a parameter is interesting

from the study of dynamic systems. It shows many interesting

properties of chaotic systems including period duplication, self-

similarity and periodic windows (regions of the parameter space

where the period suddenly reduces such as in [-0.548, -0.545]

in Fig. 11).

• A thorough formal investigation of the new map given in (4) is

beyond the scope of the paper.

V. MULTI-PROCESSOR SCHEDULING

After considering single processor scenarios in previous sections,

we now investigate tasks executing on multiple processors and

P = 10
= 0
s

v
w

8.25
13

P1
fixed priority

s = 1

v > s

w > s

Cs =5.515

Cv =1

Cw =1

P’ = 5
’ = 1
s’

Cs’ =1

P2

shared resource
fixed priority

s = 1 s’ = 2

Fig. 12. Setting for the multi processor scenario.

sharing resources. In particular, we present examples of scheduling

systems which exhibit chaotic variations in response times.

A. Setting

The task setting is shown in Fig. 12. In addition to the tasks s, v and

w with the shown dependencies and their fixed priority scheduling on

a first processor P1, we have another periodic task s′ that executes on

a second processor P2. However, tasks s and s′ use a shared resource

throughout their execution, and thus cannot simultaneously execute.

This shared resource is not required by either of the feedback jobs.

The access to the shared resource is fully preemptive with higher

priority assigned to task s′. In other words, whenever a job of s′

arrives, the shared resource is immediately handed over to s′, and

the job of s is blocked. Thus, we have a partitioned fixed priority

scheduler with two processors and a shared resource.

A practical example of the above setting is in a big data application.

Here task s periodically reads from a large database and generates

certain operations, which are performed by the feedback jobs. In

addition, periodically, the database is updated (written) by the task

s′ for shorter duration of times. During this update, the database

cannot be read by s. However, while the database is being updated

any backlogged feedback job can be performed.

B. Analytical Results

We first analyze the response time of the jobs of s based on the

finish time of the previous job. Since there are two dependent jobs

with a maximum delay greater than the period, the response time of

a job of s can depend on the response times of two previous jobs.
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Fig. 13. Illustration of response times for the multiprocessor scheduler with
Rs(i− 1) = Rs(i− 2) = 7.75.
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Fig. 14. Illustration of response times for the multiprocessor scheduler with
Rs(i− 1) = 8.25 and Rs(i− 2) = 7.5.

Let the response time map be a two-dimensional map given as

Rs(i) = M(Rs(i− 1), Rs(i− 2))

A job of s is blocked by jobs of s′ due to the shared resource.

Since, in each period of s, there are two periods of s′ both of which

can interfere with the job of s, we have the blocking interference

of Ib = 2. In addition, there is interference from the two dependent

jobs, which we look at individually.

Consider a job of task v. If the response time of the (i−1)th job of

s is Rs(i−1) = 7.75, then the corresponding job of v arrives at time

iP +6. As shown in Fig. 13, this coincides with the blocking of the

shared resource by s′. Hence, in this case the additional interference

introduced by the job of v is 0. If Rs(i− 1) deviates from 7.75 on

either direction, up to a maximum of 1, then the interference from the

job of v increases linearly with slope 1. This is illustrated in Fig. 14,

where Rs(i − 1) = 8.25 and the interference from v increases to

0.5. In conclusion, the interference due to a job of v is given by

Iv = |Rs(i− 1)− 7.75|, for Rs(i− 1) ∈ [6.75, 8.75].
Consider the job of task w. If the response time of the (i − 2)th

job of s is Rs(i − 2) = 7.75, then the corresponding job of w
arrives at time iP + 0.75. As shown in Fig. 13, 0.75 time units of

the execution of this task coincides with the blocking of the shared

resource by s′. Thus, the additional interference is 0.25. If Rs(i−2)
is lower than 7.75, up to 7, then the interference increases linearly

with slope 1. On the other hand, if Rs(i − 2) is higher than 7.75,

up to 8, then the interference decreases linearly with slope 1. This

is illustrated in Fig. 14, where Rs(i− 2) = 7.5 and the interference

from w increases to 0.5. Thus, the interference due to a job of w is

given as Iw = 0.25− (Rs(i− 2)− 7.75), for Rs(i− 2) ∈ [7, 8].
Considering the three components of interference, the response

time of the ith job of s is given as

Rs(i) = C + Ib + Iv + Iw

= 5.515 + 2 + |Rs(i− 1)− 7.75|+
(0.25− (Rs(i− 2)− 7.75))

= 7.765 + |Rs(i− 1)− 7.75| − (Rs(i− 2)− 7.75) (5)

0 2000 4000 6000 8000 10000

7.72

7.74

7.76

7.78

7.80

7.82

7.84

7.86

Job Index i

R
es
po

ns
e
tim

e
R
i

Fig. 15. Response time across jobs for the multi-resource scheduler with
Rs(i− 1) = 7.76 and Rs(i− 2) = 7.74.

This maps holds under the condition that Rs(i) ∈ [7, 8], ∀ n > 0.

C. Simulation Results

We numerically simulate the response times, using the above

map, starting with Rs(−1) = 7.76 and Rs(−2) = 7.74. The

corresponding response times are shown in Fig. 15. No apparent

regularity is observed. The two-dimensional response time map is

shown in Fig. 16.

The map of (5) is a scaled and shifted version of the gingerbread-

man map [12] given as

xn = 1 + |xn−1| − xn−2. (6)

The gingerbreadman map is known to be chaotic [13] for any starting

point within the dark shaded area of Fig. 16. In other words, the

shown map is the map for all initial conditions which belong to the

shaded area. Furthermore, for any initial condition starting in the six

enclosed hexagons, the map is periodic with a period of 6, see [13].

D. Remarks

• The response time map of (5) is only a numerical example.

Indeed, similar chaotic properties will hold for other values of

the parameters, if suitably chosen.

• While the example of the round robin scheduler from the

previous section was an example of a one-dimensional map that

shows sign of chaotic behavior, the example from this section

is a two-dimensional chaotic map.

• To the best of our knowledge, this is the first demonstration of

the gingerbreadman map in any practical setting, more so with

a standard scheduler algorithm.

• Unlike the map of Fig. 7 which showed signs of chaotic

behaviour for all initial conditions, the map of (5) is chaotic

for certain initial conditions.

• The existence of multiple processors is essential for the chaotic

behavior to be observed. We see the required non-monotonic

behavior due to the multiple processing elements: An earlier

release of a job leads to a larger response time of a later job.

E. Implementation Results

To confirm the analytical results and to illustrate the occurrence

of chaos in standard scheduling algorithms, we implemented the

previously described setting on a standard computer system.
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Fig. 16. Response time map for multi-resource scheduler with Rs(i− 1) =
7.76 and Rs(i− 2) = 7.74.

We used separate POSIX threads to implement the tasks. Tasks s
and s′ run on different cores, but share a semaphore, which blocks

s whenever s′ is executing. The dependent jobs of tasks v and w
are executed in separate threads which are invoked by programming

hardware timers on the completion of a job of s. These feedback jobs

run on the same core as s, but at a higher priority. The SCHED_FIFO
scheduler, that is standard on a Unix scheduler, is used with different

RT priorities assigned to the threads. This scheduling scheme is

executed on an Intel Core i7 2.8 GHz processor running the Ubuntu

operating system. As this is clearly not a real-time system, we chose

timing parameters such that 1 time unit is equivalent to 1 s in real-

time and therefore, scheduling overhead can be neglected for our

purposes.

We execute the tasks according to the parameters specified in the

setting and observe the finishing times of jobs of s. We choose an

initial condition such that we start in the dark shaded area of Fig. 16.

In this case, the response times obtained are shown as dark points

in Fig. 17. The light shaded area is indicative of Fig. 16. Note that

all points remain within the shaded area (within a certain tolerance

due to the timing inaccuracies of a non real-time implementation),

which confirms the analytical properties of the gingerbreadman

map. Furthermore, different response times throughout the region

are observed. This plot confirms that the scheduler, implemented

according to standard practices, leads to chaotic behavior. To the

best of our knowledge, this is the first such implementation which

demonstrates chaotic behavior on a standard hardware platform for

a standard scheduling algorithm.

VI. PRIORITY INHERITANCE PROTOCOL

In this section, we will give the last example of a scheduling

algorithm which leads to chaotic behavior. We will consider the

priority inheritance protocol [14] on a single processor system, which

is commonly used to manage shared resources across multiple tasks.

A. Setting

The setting is depicted in Fig. 18. In addition to task s and its

three dependent tasks u, v and w, we have two other periodic tasks

s′ and s′′. A fixed priority scheduler is used with different priorities

for each set of jobs, given as s < u < w < s′ < v < s′′. In addition,

throughout their execution, tasks s, s′ and s′′ share a critical resource

protected by a semaphore. We use the priority inheritance protocol

[14] wherein a task with the ownership of a shared resource has the
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Fig. 17. Measured response time map for multi-resource scheduler imple-
mented with POSIX threads on multiple cores.
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Fig. 18. Setting for the priority inheritance scenario.

highest priority amongst all tasks blocked on that resource. Thus, if

a job of s′ arrives while s is blocking the resource, then the priority

of s is elevated to that of s′.

B. Analytical Results

We begin with a response time analysis of the presented setting.

Whenever the jobs of s and s′′ arrive, the shared resource is

held by s. Given the priority inheritance protocol, s suffers no

interference from either of the tasks s′ and s′′. However, we need

to consider the three dependent jobs which have nominal priority

greater than that of s. We consider them separately. The maximum

delay (max(D(s, u), D(s, v), D(s, w)) is less than twice the period.

Hence, the response time of a job of s would depend only on the

response times of the earlier two jobs.

We analyze the response time of the ith job of s. Let Rs(i−1) = 4.

Then, as shown in Fig. 19, the dependent job of u released by the

(i − 1)th job of s will cause no interference as it completes before

the ith job of s is released. However, if Rs(i − 1) increases, the

interference will increase linearly with slope 1. Instead, if Rs(i− 1)
decreases, the interference will remain at 0. This is shown in Fig. 20.

Thus, the first interference is given as Iu = max(0, Rs(i− 1)− 4)
for Rs(i− 1) ≤ 5.

For Rs(i − 1) = 4, as shown in Fig. 19, a job of v caused by

the (i − 1)th job of s will arrive at time i · P + 3. At this time a

job of s′′ arrives and elevates the priority of s to higher than that

of the second feedback job. Thus, the interference is 0. However,

if Rs(i − 1) decreases, the interference will increase linearly with

slope 1. This is shown in Fig. 20. Instead, if Rs(i−1) increases, the

interference will remain at 0. Thus, the second interference is given

as Iv = max(0, 4−Rs(i− 1)) for Rs(i− 1) ≥ 3.

For Rs(i − 2) = 4, as shown in Fig. 19, a job of w caused by

the (i − 2)th job of s will arrive at time i · P + 1. It will execute

8



-1 0 1.5 3 4.01

u s w s′ s′′, v

Priority of s over time

u

w

s′
v

s′′

s

u s w s s′ s′′

Fig. 19. Illustration of response times for the priority inheritance protocol
with Rs(i− 1) = Rs(i− 2) = 4.
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Fig. 20. Illustration of response times for the priority inheritance protocol
with Rs(i− 1) = Rs(i− 2) = 3.8.

for 0.5 time units at which time a job of s′ arrives and increases

the priority of s to above that of the third feedback job. Thus, the

interference is 0.5. As Rs(i − 2) increases from 4, the interference

will decrease linearly with slope 1. On the other hand, as Rs(i− 2)
decreases from 4, the interference will increase linearly with slope

1. This is shown in Fig. 20. Thus, the third interference is given as

Iw = 0.5− (Rs(i− 2)− 4) for Rs(i− 2) ∈ [3.5, 4.5].
Combing the above, the response time Ri is given as

Rs(i) = Cs + Iu + Iv + Iw

= 3.51 + max(0, Rs(i− 1)− 4) + max(0, 4−Rs(i− 1))

− (0.5− (Rs(i− 2)− 4))

= 4.01 + |Rs(i− 1)− 4| − (Rs(i− 2)− 4) (7)

This relation holds for Rs(i) ∈ [3.5, 4.5]. This map is also a scaled

and shifted version of the gingerbreadman map (6). Thus, it also

exhibits the chaotic properties as seen in the previous example. We

remark that the setting described here is only a numerical example.

Other values of the parameters, when suitably chosen, will also

exhibit similar chaotic behavior.

VII. IMPLICATIONS OF COMPLEX DYNAMIC BEHAVIOR

A. Conditions

In the present paper, we investigated four scheduling systems which

show a complex dynamic behavior. The round-robin, multiprocessor

and priority inheritance scenarios have been shown and proven to

exhibit complex response time evolutions. Whereas we described

the underlying mechanisms in great detail, it may be useful to

answer further questions like: Why have these four examples been

chosen? What are the conditions that may lead to complex scheduling

behavior? What is the role of the DAG task model used in the paper?

The following discussion attempts to provide some answers.

Choice of examples: We have decided to choose examples with

very different scheduling disciplines (single processor vs. two pro-

cessors, round-robin scheduling vs. fixed priority scheduling, and

two resource sharing methods) in order to explore various ways how

complex response time behavior can occur. In each of these cases,

we tried our best to construct as simple as possible scenarios that

show interesting dynamic behavior.

Conditions for complex behavior: It has been observed in the

real-time analysis of distributed systems, that in many cases the

complexity to obtain tight bounds on the response time of tasks

increases if (a) there are resource feedback cycles, i.e., the response

time of a current job of a task influences the response time of future

jobs of the same task, and if (b) there are timing anomalies in the

investigated real-time system, i.e., a larger response time of a job

leads to a smaller response time of some other job, see e.g., [15].

Interestingly enough, these conditions are exactly those that appear

to be essential for generating complex response time evolutions.

Resource feedback and the DAG model: Response time maps

as depicted in Figs. 7 and 9 clearly show that a later response

time Rs(i) of a job from a task s depends on earlier response

times, e.g., Rs(i − 1). The same holds for the two-dimensional

gingermanbread map as observed in the multiprocessor and priority

inheritance examples: Rs(i) = a + |Rs(i − 2) + b| − Rs(i − 1)
for some parameters a and b. A simple mechanism to generate such

dependencies is the use of dependent tasks, see Section II: Finishing

of a job triggers the release of some other jobs that interfere with

the next job release. This way, we provide means to construct the

above mentioned resource feedback cycles. It can not be excluded

that similar indirect interferences between subsequent jobs of a task

can occur in other task systems as well.

Timing anomalies: Following the analysis of response times as

provided in Sections IV-B and IV-C, one can see that the existence

of timing anomalies is essential for complex dynamic behavior: If the

map has always a non-negative slope, then from any initial (response

time) value, only monotonically increasing or decreasing evolutions

are possible.

In order to show this, let us suppose that the response time map M
is non-decreasing, i.e., x ≥ y ⇒ M(x) ≥ M(y). Suppose now that

the response times at iterations i and i−1 satisfy xi ≥ xi−1. Then one

can conclude xi ≥ xi−1 ⇒ M(xi) ≥ M(xi−1) ⇒ xi+1 ≥ xi, and

in a similar way xi ≤ xi−1 ⇒ M(xi) ≤ M(xi−1) ⇒ xi+1 ≤ xi. A

similar necessary property holds in two-dimensional maps as well, see

the gingermanbread map with Rs(i) = a+|Rs(i−2)+b|−Rs(i−1).

Therefore, in order to reach a complex dynamic behavior of the

response time evolution, timing anomalies are essential: A large

response time at some iteration i leads to a smaller response time

at some later iteration.
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B. Opportunities

Identifying that certain real-time systems exhibit chaotic behavior

has three major implications.

On the one hand, it shows the underlying complexity of the

scheduling algorithms. For instance, certain scheduling algorithms

may lead to fractal behavior (the characteristic of the evolution of

response times exhibits a pattern that repeatedly displays at every

scale of parameter variations) or have complex attractors (a set of

states towards the system tends to evolve under variation of starting

conditions). Classifying different behaviors of scheduling algorithms

and identifying the underlying causes is not only an interesting

research challenge. It can be expected that different dynamic be-

havior leads to different analysis methods. Partial answers have been

provided in the present paper, see for example the analysis methods

in Sections III, IV-B and IV-C.

Secondly, the analysis of a real-time system which a complex

dynamic behavior can be more challenging than that of simple sys-

tems. Two common methods to obtain worst-case timing properties

or estimations thereof are simulation and use of formal methods

to compute fixed points. Either of these cases may not work well

for chaotic systems. By definition a chaotic system will not have

a fixed point and careful abstraction is required to obtain tighter

bounds on fixed point calculations. On the other hand, when using

simulation, we cannot derive the length of the simulation needed

to obtain bounds within a certain confidence interval. Furthermore,

with sensitive dependence on input conditions, the initial state can

crucially and unexpectedly affect the result of such a simulation-

based analysis. On the other hand, the explicit formulation of the

possibly multi-dimensional response time map may lead to novel

ways of computing upper bounds on the response time, see e.g.,

Sections IV-B and IV-C.

Finally, while designing real-time systems that are chaotic, we may

need to employ techniques to reduce the un-characterised variability.

For instance, in a control system rapidly varying response times may

not lead to good performance. Shaping of jobs/messages could be

one way to lower the complexity in such systems. As an example,

consider the case of the gingerbreadman map shown in Fig. 17. If

by delaying one or more jobs, we ensure than the response-times lie

in one of the hexagonal regions, then all future response-times will

remain within this hexagonal region. In other words, by nudging the

system into an attractor of the response-time map we can avoid the

chaotic behaviour.

The fresh look at real-time systems from a dynamical systems

viewpoint may open up new opportunities. One example is the run-

time control of non-linear systems, see e.g., [16], [17]. By means

of feedback control the dynamic properties of the response time

evolution could be changed towards a more favorable behavior, e.g.,

a smaller worst-case bound or a smaller variation of response times.

In addition, in the context of the above mentioned research thread of

controlling chaos, scenarios with stochastically changing parameters

have been investigated, such as varying execution times of jobs. These

research directions are beyond the scope of the present paper and left

for future work.

VIII. CONCLUSIONS

The study of real-time systems has primarily focused on obtaining

lower and upper bounds on the response times of jobs. In this work,

we studied real-time systems from the perspective of dynamical

systems, and aimed to characterise the evolution of response times. In

certain scheduling settings, dependent jobs affect the response times

of future jobs in unexpected ways. We studied four examples of

such settings. In the case of a standard fixed priority scheduling,

we showed that a periodic behavior with a large orbit can be seen.

Then we investigated the case of round robin scheduling, where the

response time map showed complex behavior. We also studied the

properties of the corresponding iterated map for different scheduling

parameters. Finally, we presented two examples that use multipro-

cessor scheduling and the priority inheritance protocol, which result

in the well known gingerbreadman map.

We believe this is the first study that demonstrates that standard

scheduling algorithms can exhibit chaotic behavior. The novel map

of (4) is a novel system that shows signs of chaotic behavior as well

as a bifurcation diagram with self-similar behavior (Fig. 10). Future

investigations may deal with varying execution times of tasks, and

use feedback control in order to favorably influence the evolution of

response times in complex scheduling systems.
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