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Abstract

The rapid increase in heat dissipation in real-time systems imposes various
thermal issues. For instance, real-time constraints cannot be guaranteed
if a certain threshold temperature is exceeded, as it would immediately
reduce the system reliability and performance. Dynamic thermal manage-
ment techniques are promising methods to prevent a system from over-
heating. However, when designing real-time systems that make use of such
thermal management techniques, the designer has to be aware of their ef-
fect on both real-time constraints and worst-case peak temperature. In
particular, the worst-case peak temperature of a real-time system with
non-deterministic workload is the maximum possible temperature under
all feasible scenarios of task arrivals. This article proposes an analytic
framework to calculate the worst-case peak temperature of a system with
general resource availabilities, which means that computing power might
not be fully available for certain time intervals. The event and resource
models are based on real-time and network calculus, and therefore, our
analysis method is able to handle a broad range of uncertainties in terms
of task arrivals and available computing power. Finally, we propose an
indicator for the quality of the resource model with respect to worst-case
peak temperature and schedulability.

1 Introduction

The miniaturization in the semiconductor industry and the demand for higher
performance impose a major rise in heat dissipation per unit area, which in
turn threats the reliability and performance of real-time systems. Moreover,
nowadays, the thermal wall is recognized as one of the most significant barri-
ers towards high performance systems [1], as high chip temperatures may lead
to long-term reliability concerns and short-term functional errors. Providing
guarantees on maximum temperature is therefore as important as functional
correctness and timeliness.

As modern processors support several operation frequencies and deep power
down states for power efficient design, dynamic thermal management (DTM)
based on dynamic voltage/frequency scaling [2] is considered as a promising
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technique to increase the system reliability. Despite their thermal effectiveness,
these techniques cause a significant degradation of performance or lead to an
expensive run-time overhead, both unacceptable in today’s real-time systems
where a certain response time must be guaranteed. Furthermore, the use of
reactive thermal management techniques can even cause a potential violation
of real-time constraints. As high temperatures can significantly reduce the sys-
tem’s performance, real-time constraints can only be guaranteed if the worst-
case peak temperature of the system is incorporated in real-time analysis, at
design-time.

Unfortunately, none of the previous work has studied the effect of general re-
source availabilities on the maximum temperature of a system under all possible
scenarios of task executions, even though this knowledge is desirable for any
modern real-time system. In [3], an analytic system-level analysis has been pro-
posed, which calculates the worst-case peak temperature of a real-time system.
However, as the work assumes full service availability, i.e., the processor is idle
if and only if there is no workload to proceed, the method is not able to analyze
DTM techniques. In order to close this gap, we describe and evaluate a method
to determine an upper bound on the peak temperature of a real-time system with
general resource availabilities under all possible scenarios of task executions. In
contrast to a system with full service availability, a system with general resource
availability might have no or only reduced computing power available for certain
time intervals even if there is workload to proceed. This enables us, on the one
hand, to study the effect of dynamic frequency scaling (DFS) or time division
multiple access (TDMA) scheduling on the worst-case peak temperature, and,
on the other hand, to calculate an indicator for the quality of the employed
resource model with respect to the worst-case peak temperature. Throughout
this paper, the term resource model is used to describe the availability of the
processor’s computing resources.

We apply real-time calculus [4], a formal method for schedulability and per-
formance analysis of real-time systems, to temperature analysis. In particular,
arrival curves are used to upper bound the workload that might arrive at the
system in any time interval. In general, arrival curves can be derived either from
application specifications or by profiling sufficient representative traces [5]. Al-
though workload curves constrain the maximum possible workload arriving at
the system, there are infinitely many traces that comply with a given event
stream specification. Therefore, exhaustive search to compare the maximum
temperature of all possible traces is usually infeasible. Due to dynamic resource
management, the other uncertainty of the system is the availability of computing
resources. Consequently, so-called service curves are used to upper and lower
bound the computing resource provided by a processor in a given time interval.

This article is based on the work published in [6], which discusses general re-
source availabilities with the help of a case study. However, the prior work does
not state any formal explanations on how to design a processing component so
that the worst-case peak temperature is reduced and no real-time deadlines are
missed. We extend the previous work by a method to derive a resource model so
that the temperature is optimally reduced and no real-time deadline is missed.
In other words, we calculate a lower bound on the peak temperature for a given
set of tasks, each characterized by an arrival curve and a relative deadline. In
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addition, this article gives a broader coverage of related work, the proofs of the
stated methods are more detailed, and a richer set of experiments is carried out.
Therefore, the contributions of this article can be summarized as follows:

• An upper bound on the peak temperature of a real-time system with non-
deterministic workload and resource availability is determined.

• An indicator for the quality of the examined resource model with respect
to worst-case peak temperature is formally derived.

• In various case studies, the proposed method is applied to four different
resource models, namely full resource availability with frequency modu-
lation, availability with bounded-delay, availability based on TDMA, and
periodic availability.

The remainder of the article is organized as follows: First, related work is dis-
cussed in the next section. Afterwards, Section 3 introduces the computational,
power, and thermal models considered in this article. The thermal analysis
method and its formal proofs are induced in Section 4. In Section 5, an in-
dicator for the quality of a resource model is proposed and finally, Section 6
presents case studies to highlight the viability of our method.

2 Related Work

As modern processors support several operation frequencies, dynamic power
management methods like dynamic voltage and frequency scaling (DVFS) [2]
are promising techniques to reduce the power consumption and to prevent the
system from overheating. Therefore, thermal management has been a hot topic
in research in recent years including thermal-constraint scheduling to maxim-
ize the performance [7–10] or peak temperature reduction to meet performance
constraints [11, 12]. In [7], a DVFS control policy is proposed to maximize the
workload of a uniprocessor system with discrete speed levels under thermal
constraints. In [8], a convex optimization technique for temperature-aware
frequency assignments is proposed. Several architectural-level techniques for
thermal management on multicore processors are evaluated in [9] and thermal
management techniques for unknown workload like load balancing or temper-
ature aware random scheduling are discussed in [10]. Bansal et al. [11] explore
peak temperature reduction by adapting an on-line algorithm for energy effi-
ciency. Finally, thermal aware heuristics to reduce the maximum and average
temperature are compared with power-aware heuristics in [12].

Estimating the temperature is typically a two-step procedure. First, the tran-
sient power dissipation of the system is determined by means of a power-aware
simulator, either software-based [13, 14] or hardware-based [15]. Afterwards,
the power dissipation is used to evaluate the transient temperature evolution
in a thermal simulator like HotSpot [16]. However, due to the complexity of
today’s systems, it is difficult to identify corner cases that actually lead to the
maximum temperature of the system under all feasible scenarios of task arrivals
and consequently, simulation-based thermal analysis methods may lead to an
undesired underestimation of the maximum temperature.
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This drawback is addressed in [3], where the worst-case peak temperature of
a real-time system is calculated from its system-level specification. However,
as the work assumes work-conserving systems with full service availability, the
method is not able to analyze DTM techniques. Based on this work, leaky
bucket shapers are studied in [17] so that no job misses its real-time deadline and
the peak temperature is optimally reduced. Finally, a method to calculate the
worst-case peak temperature of a real-time system with multiple power sources
and full service availability is proposed in [18]. In the work at hand, we study
the effect of different resource models onto the worst-case peak temperature of
a system. To this end, we restrict us to a uniprocessor system and omit the
effect of multiple power sources.

3 System Model

This section introduces the models used to analyze the worst-case peak temper-
ature.

3.1 Computational Model

The computational model of a processor is expressed using abstractions in real-
time calculus [4]. Consequently, we suppose that in time interval [s, t), events
with a total workload of R(s, t) time units arrive at the processing component.
For any fixed s, one can think of R(s, t) being a staircase function, that increases
its value by its computation time when a task arrives. The arrival curve α upper
bounds all possible cumulative workloads:

R(s, t) ≤ α(t− s) ∀s < t (1)

given α(0) = 0. From the properties of R(s, t) follows that a tight upper arrival
curve is also a monotonically increasing staircase function, which is sub-additive,
i.e., it satisfies α(s) + α(t) ≥ α(s + t). In literature, a widely-used concept
for workload specification is the standard event arrival pattern, defined by the
parametric triple (p, j, d), where p denotes the period, j the jitter, and d the
minimum inter-arrival distance between events [19]. Figure 1a illustrates these
parameters and the corresponding arrival curve is graphically depicted.

Suppose that the processor concurrently processes a set of independent tasks
νk whose workload functions Rk are individually bounded by arrival curves αk.
Then the accumulated workload can be bounded by:

R(s, t) ≤
∑
∀k

αk(t− s) = α(t− s). (2)

The considered processor is abstracted by a resource model, that incorporates
information about the computing resources as for example the processor speed.
We characterize a resource model as follows. Events that have not yet been
completed are queued in the component’s ready queue while waiting for fur-
ther resources. A processing component is given W (s, t) computing resources in

4



p

d

2p-j

α(Δ) 

20 40 60 100

time interval Δ [ms]

co
m

p
u
ta

ti
o
n
 d

em
an

d
 [

m
s]

0

0

40

60

80

100

20

80

(a) Arrival curve that corresponds to an
event stream with a period p, a jitter j and
a minimum event inter-arrival distance d.
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(b) Service curve set for a periodically avail-
able resource as defined in [20].

Figure 1: Examples of a typical arrival curve and service curve.

time interval [s, t). If there are no waiting or arriving tasks in [s, t), the avail-
able resource W (s, t) is wasted. Otherwise, it is used to process these tasks.
A processing component that behaves according to the above explanation is
called work-conserving. There are no further assumptions on the scheduling,
and therefore, most traditional scheduling algorithms as, for example, earliest-
deadline-first (EDF), rate-monotonic (RM), fixed-priority (FP), and deadline-
monotonic (DM) can be analyzed by the proposed abstraction. The above
described resource model leads to the concept of service curves. The resource
availability W is upper and lower bounded by a pair of upper and lower service
curves:

βl(t− s) ≤W (s, t) ≤ βu(t− s) ∀s < t (3)

given βl(0) = βu(0) = 0. Figure 1b illustrates the concept of service curves
based on a model with periodically available resources as defined in [20].

The accumulated computing time Q(s, t) describes the amount of time units
that a component is spending to process an incoming workload of R(s, t). The
accumulated computing time Q(s, t) in time interval [s, t) is:

Q(s, t) = inf
s≤u≤t

{W (s, t)−W (s, u) +R(s, u)} (4)

provided that there is no buffered workload in the ready queue at time s [4]. Its
upper bound can be determined as [21]:

Q(t−∆, t) ≤ γ(∆) = min{
(
(α⊗ βu)� βl

)
(∆), βu(∆)} (5)

where (f ⊗ g)(∆) = inf0≤λ≤∆{f(∆− λ) + g(λ)} is the min-plus convolution of
functions f and g, and (f � g)(∆) = supλ≥0{f(∆ + λ)− g(λ)} is the min-plus
deconvolution of functions f and g.

Because of (4) and (5), the accumulated computing time Q(s, t) and its upper
bound γ(t − s) are monotonically increasing for any fixed s. The operation
mode of a component can be expressed by the rate function, which describes
the workload per time unit that a processor is processing:

S(t) =
dQ(s, t)

dt
∈ [0, 1] (6)
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for any s < t. For instance, S(t) = 1 and S(t) = 0 denote that the processing
component is fully utilized or idle, respectively.

3.2 Power Model

It is well known that the dynamic power consumption Pdyn growths quad-
ratically with supply voltage v and linearly with operation frequency f , i.e.,
Pdyn ∝ v2 · f . For the sake of simplicity, the supply voltage is assumed to be
fixed value so that the model can be applied to DFS without loss of generality.
With fixed v, the operation frequency f is proportional to the rate function
S(t). In addition, we model the temperature dependency of leakage power by
means of a linear approximation [22]. Then, the total power consumption is:

P (t) = Pdyn(t) + Pleak(t) = φ · T (t) + ρ · S(t) + ψ (7)

where φ, ρ, and ψ are three constants that can be calculated by curve fitting
the power consumption.

3.3 Thermal Model

A widely used duality to analyze the heat transfer of modern VLSI systems
is to model the heat flow as current passing through a thermal resistance, the
thermal difference as the corresponding voltage, and the heat capacity as an
electrical capacity, see [23, 24]. In particular, temperature variations follow a
first order linear differential equation of the form:

C · dT (t)

dt
= P (t)−G · (T (t)− Tamb) (8)

where C, P , G, and Tamb denote the thermal capacity, the generated power, the
thermal conductance, and the ambient temperature, respectively. Rewriting (8)
with (7) leads us to:

dT (t)

dt
= −g · T (t) + h(t) (9)

with time-dependent temperature T ,

g =
G− φ
C

, (10)

and

h(t) =
ρ · S(t) + ψ +G · Tamb

C
. (11)

A closed-form solution of the above differential equation yields:

T (t) = T (t0) · e−g·(t−t0) +

∫ t

t0

e−g(t−ξ) · h(ξ) dξ. (12)

As long as the system is processing with a constant rate S(t) = l, the above
equation can be rewritten as:

T (t) = T∞[S(t)=l] ·
(

1− e−g·(t−t0)
)

+ T (t0) · e−g·(t−t0) (13)
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where T∞[S(t)=l] = h[S(t)=l]/g is the steady-state temperature in a single mode of

slope S(t) = l and h[S(t)=l] = ρ·l+ψ+G·Tamb

C .

Throughout this article, we restrict our analysis to proper thermal models, in
which the following reasonable conditions are satisfied:

• We have g > 0, i.e., G > φ.

• The steady-state temperature is not smaller in a single mode of slope
S(t) = l than in a single mode of slope S(t) = 0, i.e., T∞[S(t)=l] ≥ T∞[S(t)=0]

or l ≥ 0.

Next, we will show that the thermal model satisfies the thermal monotonicity
property.
Lemma 3.1 (Monotonicity). Suppose that we consider two equal timed se-
quences of operation modes in a time interval from s to t. Then, the sequence
with higher temperature at time s leads to a higher temperature at time t.
Proof. We will prove this lemma by contradiction. Suppose that the above
lemma is false, i.e., the sequence with higher temperature at time s has lower
temperature at some time t. As temperature is a continuous function, there
exists a time t̃ where the two sequences have equal temperatures. However,
as both sequences have equal temperature derivations for the same temperat-
ure, the temperature at time t would be equal, as well, which contradicts the
assumption.

4 Thermal Analysis

In this section, we will first show how to construct the critical accumulated com-
puting time Q∗(0, t) that leads to the worst-case peak temperature T ∗. Later,
we show the tightness of this bound for a resource with full service availability
and different bandwidth levels.

4.1 Worst-Case Computing Time

First, we will construct the critical accumulated computing time Q∗(0, t) that
leads to an upper bound on the maximum temperature T ∗ for a given arrival
curve α and a given service curve β. As a prerequisite, we will show in Lemma 4.1
that allowing more power later in time (closer to observation time τ) will always
increase the temperature T (τ) at observation time τ .
Lemma 4.1 (Shifting). Given is a proper system model according to (7)
and (9) as well as some time instance τ . In addition, we consider two mode
functions S(t) and S(t) defined for t ∈ [0, τ), which are only different in a time
interval [σ, σ + 2δ) with σ + 2δ < τ . In particular, we have S(t) = l1 for all
t ∈ [σ, σ + δ) and S(t) = l2 for all t ∈ [σ + δ, σ + 2δ). S(t) is l1 for [σ, σ + δ)
and l2 for [σ + δ, σ + 2δ), where l1 = l1 − ∆, l2 = l2 + ∆, and 0 ≤ ∆ ≤ l1.
In other words, we allow more power in the second time interval of [σ, σ + 2δ)
while keeping the total power consumption the same. Then, if T (0) = T (0), we
have T (τ) ≥ T (τ), i.e., mode function S(τ) results in a higher temperature at
time τ when δ is small enough.
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Proof. As the mode functions satisfy S(t) = S(t) for all t ∈ [0, σ) and T (0) =
T (0), we clearly have T (σ) = T (σ). As S(t) = l1 for t ∈ [σ, σ+ δ) and S(t) = l2
for t ∈ [σ + δ, σ + 2δ), we find:

T (σ+2δ) = T∞[S(t)=l2]·
(
1− e−gδ

)
+T∞[S(t)=l1]·

(
1− e−gδ

)
·e−gδ+T (σ)·e−2gδ. (14)

Furthermore, as S(t) = l1 for t ∈ [σ, σ + δ) and S(t) = l2 for t ∈ [σ + δ, σ + 2δ),
we find:

T (σ+2δ) = T∞
[S(t)=l2]

·
(
1− e−gδ

)
+T∞

[S(t)=l1]
·
(
1− e−gδ

)
·e−gδ+T (σ)·e−2gδ. (15)

Then, for a proper thermal model, we have:

T (σ + 2δ)− T (σ + 2δ) =
ρ

G− φ
·∆ ·

(
1− e−gδ

)2 ≥ 0 (16)

where we used the fact that ∆ ≥ 0. As S(t) = S(t) for all t ∈ [σ + 2δ, τ), we
know from Lemma 3.1 that T (σ + 2δ) ≥ T (σ + 2δ) also implies T (τ) ≥ T (τ).

The next lemma shows that we obtain a higher temperature at some time τ if
in any interval ending at τ the component has larger accumulated computing
time. This lemma provides the foundation for the main theorem.
Lemma 4.2 (Mode Functions Comparison). Given is a proper thermal
model as well as some time instance τ . In addition, we consider two accu-
mulated computing time functions Q and Q, which satisfy:

Q(τ −∆, τ) ≥ Q(τ −∆, τ) for all 0 ≤ ∆ ≤ τ. (17)

Then, if T (0) = T (0) we have T (τ) ≥ T (τ), i.e., mode function S(τ) results in
a higher temperature at time τ .
Proof. Because of (6), the condition of this Lemma translates equivalently to:∫ τ

τ−∆

S(t) dt ≥
∫ τ

τ−∆

S(t) dt for all 0 ≤ ∆ ≤ τ. (18)

Now, we will stepwise transform S(t) into S(t) and in each step, the temperature
will not decrease because of Lemma 4.1. In order to simplify the proof technic-
alities, we suppose discrete time, i.e., S(t) and S(t) may change values only at
multiples of δ. In other words, S(t) and S(t) are constant for t ∈ [kδ, (k + 1)δ)
for all k ≥ 0. Let us define τ = kmaxδ. Now, we execute the following algorithm:

1. Determine the smallest 1 ≤ k1 ≤ kmax such that S(τ − k1δ) < S(τ − k1δ).
If there is no such k1, then S(t) = S(t) for all 0 ≤ t ≤ τ and therefore,
T (τ) = T (τ) and the algorithm stops.

2. Determine the smallest k2 with k1 < k2 ≤ kmax such that S(τ − k2δ) 6= 0.
In case k2 does not exist, it is trivial that T (τ) ≥ T (τ) and the algorithm
stops. Otherwise,

(a) set ∆ = min{S(τ − k2δ), S(τ − k1δ)− S(τ − k1δ)},

(b) add ∆ to S(t) for t ∈ [τ − k1δ, τ − (k1 − 1)δ), and

(c) subtract ∆ from S(t) for t ∈ [τ − k2δ, τ − (k2 − 1)δ).
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3. If S(τ − k1δ) < S(τ − k1δ), continue with step 2. Otherwise, go to step 1.

Now, one can simply prove that, after each iteration, T (τ) does not decrease
until it reaches T (τ) and therefore, the initial T (τ) was not larger than T (τ).

Based on the above lemma, we will show the main result of this section. The
following theorem provides a method to determine the critical accumulated
computing time Q∗ for any processing component whose computing power is
bounded by a service curve set.
Theorem 4.3 (Critical Computing Time). Given is a proper thermal
model according to (7) and (9). The component has the computational model
(4) with operation modes and power defined in (6) and (7), respectively. Then
the following holds:

• Suppose that the accumulated computing time function Q∗(0,∆) = γ(τ)−
γ(τ −∆) for all 0 ≤ ∆ ≤ τ leads to temperature T ∗(τ) at time τ . Then,
T ∗(τ) is an upper bound on the highest temperature T ∗(τ) ≥ T (τ) for all
feasible workload traces (5) that are bounded by arrival curve α and service
curve β according to (3) and (4), respectively.

• If, in addition, T (0) ≤ T∞[S(t)=0] holds in general, where T∞[S(t)=0] is the

steady-state temperature of operation mode S(t) = 0, then for any feasible
workload trace we find T ∗(τ) ≥ T (t) for all 0 ≤ t ≤ τ .

Proof. At first, we show that Q∗(0,∆) = γ(τ)− γ(τ −∆) satisfies (5). We have
Q∗(t−∆, t) = Q∗(0, t)−Q∗(0, t−∆) = γ(τ)− γ(τ − t)− γ(τ) + γ(τ − t+ ∆) =
γ(τ − t+ ∆)− γ(τ − t).

Now, we will show the first item of the theorem by contradiction. Suppose that
there is an accumulated computing time function Q, which leads to a higher
temperature T (τ) at time τ . Then, according to Lemma 4.2, there exists some
∆ ≤ τ such that Q∗(τ −∆, τ) < Q(τ −∆, τ). As we know that Q∗(τ −∆, τ) =
γ(∆)− γ(0) = γ(∆) we can conclude that Q(τ −∆, τ) > γ(∆) and therefore, Q
violates (5).

Let us prove the second item of the theorem by contradiction. Suppose that
there exists some time σ ≤ τ where we have T (σ) > T ∗(τ). We know from the
first item in this theorem that the bound on T (σ) is maximized if Q(σ−∆, σ) =
γ(∆) for 0 ≤ ∆ ≤ σ. As Q∗(τ −∆, τ) = γ(∆), we can conclude that Q∗ shifted
by τ−σ and Q are identical, i.e., we have Q(σ−∆, σ) = Q∗(τ−∆, τ) for 0 ≤ ∆ ≤
σ. Therefore, if we would set T (0) = T ∗(τ−σ), we have T (σ) ≤ T ∗(τ). Because
of thermal monotonicity, T (σ) > T ∗(τ) would require that T (0) > T ∗(τ − σ).

As T (0) ≤ T∞[S(t)=0] and T∞[S(t)=0] ≤ T
∞
[S(t)≥0], temperatures which are caused by

Q∗ satisfy T ∗(t) ≥ T ∗(0) for all times 0 ≤ t ≤ τ . This holds in particular for
time t = τ − σ, i.e., T ∗(τ − σ) ≥ T ∗(0). As we have the same initial conditions
for both scenarios with T (0) = T ∗(0), we find T (0) ≤ T ∗(τ − σ), which is a
contradiction.

Note that the worst-case scenario for the temperature is often completely dif-
ferent from the conventional critical instance scenario that is used in real-time
analysis to determine the worst-case timing behaviour. For example, for peri-
odic tasks with jitter, the worst-case scenario for temperature is to first warm
up the system with periodic arrivals and then heat up the system with burst
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arrivals and jitters. Moreover, because of (2), the result of Theorem 4.3 is also
valid for a processor that concurrently processes a set of independent tasks.

The above outlined thermal analysis method can be extended to a chip with
multiple power sources. In that case, the effect of a power source onto the com-
ponent temperature has to be described by an impulse response. The impulse
response only depends on the floor plan of the chip, but not on the actual work-
load. Then, Lemmas 4.1 and 4.2 have to be extended so that they do not only
hold for a system with one power source, but also for an impulse response of a
thermal RC circuit with multiple power sources. As a first step towards mul-
tiple power sources, the analysis method has been extended in [18] to a system
with multiple power sources, but full service availability.

4.2 Tightness

Theorem 4.3 provides a method to calculate an upper bound T ∗ on the actual
worst-case peak temperature of a real-time system. However, there might be no
valid workload trace R∗(0,∆) for 0 ≤ ∆ ≤ τ that complies with the given arrival
curve α and results in the critical accumulated computing time Q∗(0,∆). Next,
we will show that this is not the case for a resource with full service availability
and different bandwidth levels B, i.e., W (s, t) = B · (t− s) with 0 ≤ B ≤ 1.
Theorem 4.4 (Critical Accumulated Workload). Suppose that the as-
sumptions from Theorem 4.3 hold and the resource availability satisfies
W (s, t) = B · (t − s) with 0 ≤ B ≤ 1 and s ≤ t. Furthermore, assume that
the given arrival curve α satisfies α(∆) = c ·

⌈
1
c · α(∆)

⌉
for all ∆ ≥ 0, i.e.,

the step size of α is an integer multiple of c. Then, the critical accumulated
workload R∗(0,∆) = c ·

⌈
1
c ·Q

∗(0,∆)
⌉

• compiles with arrival curve α according to (1), and

• leads to the accumulated computing time Q∗(0,∆).
Proof. Without loss of generality, we suppose that c = 1. For the first item, we
have to show that R∗(s, t) ≤ α(t − s). From W (s, t) = B · (t − s) follows that
β(∆) = βl(∆) = βu(∆) = B ·∆ for all ∆ ≥ 0. This simplifies the computational
model (5) to

Q(t−∆, t) ≤ γ(∆) = (α⊗ β)(∆) = inf
0≤λ≤∆

{α(∆− λ) +B · λ} . (19)

Then, we note that γ(∆) ≤ α(∆) for all ∆ ≥ 0. Now, we find R∗(s, t) =
R∗(0, t) − R∗(0, s) = dQ∗(0, t)e − dQ∗(0, s)e ≤ dQ∗(0, t)−Q∗(0, s)e =
dQ∗(s, t)e ≤ dγ(t− s)e ≤ dα(t− s)e = α(t− s) for all s < t.

Next, we show that the continuous workload function R̂∗(0,∆) = Q∗(0,∆)

leads to Q∗(0,∆). As R̂∗(0,∆) = Q∗(0,∆), we have to prove that Q∗(0,∆) =
inf0≤u≤∆ {W (0,∆)−W (0, u) +Q∗(0, u)}. Because there exists a u′ such that
W (0,∆) − W (0, u′) + Q∗(0, u′) = Q∗(0,∆), namely u′ = ∆, we only have
to show that W (0,∆) − W (0, u) + Q∗(0, u) ≥ Q∗(0,∆) for all 0 ≤ u ≤ ∆.
However, this condition is equivalent to W (u,∆) ≥ Q∗(u,∆) for all 0 ≤ u ≤
∆. As the accumulated computing time in interval [u,∆) cannot exceed the

available time W (u,∆), R̂∗(0,∆) leads to Q∗(0,∆). In order to show the second
item, we have to prove that R∗ = dQ∗(0,∆)e leads to Q∗(0,∆). From (19)
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follows that γ(∆) has either slope b or 0 and it has an integer value if its
slope is 0. Consequently, if γ(τ) is integer, Q∗(0,∆) = γ(τ)− γ(τ −∆) has the
same properties as γ(∆) and we can deduce that inf0≤u≤∆ {∆− u+Q∗(0, u)} =
inf0≤u≤∆ {∆− u+ dQ∗(0, u)e} = inf0≤u≤∆ {∆− u+R∗(0, u)}.

As a result of Theorem 4.4, the upper bound T ∗ determined by Theorem 4.3
is tight under the conditions mentioned in Theorem 4.4, i.e., there exists a
workload trace that leads to the critical accumulated computing time. Moreover,
the tightness of the upper bound T ∗ is not restricted to resources with full service
availability and different bandwidth levels. Once the service curves are known,
the tightness can be proven by using the approach of Theorem 4.4 to show that
the workload trace R∗(0,∆) results in the critical accumulated computing time
Q∗(0,∆). Then, the remaining task is to prove that the workload trace R∗(0,∆)
complies with the given arrival curve α.

5 Optimal Resource Model

In this section, we use the result of Theorem 4.3 to calculate the resource avail-
ability, that optimally reduces the peak temperature for a given set of tasks,
each characterized by an arrival curve and a relative deadline. We first con-
sider a single stream of events with relative deadline D, i.e., each event has
to complete its execution within D time units after its arrival. Afterwards, we
extend the approach to a set of tasks with different arrival curves and deadlines,
scheduled under EDF.

5.1 Schedulability Analysis

The maximum delay dmax experienced by any event on the event stream can be
upper-bounded by [25]:

dmax ≤ sup
λ≥0

{
inf
{
u ≥ 0 : α(λ) ≤ βl(λ+ u)

}}
. (20)

In other words, the maximum delay is the maximum horizontal distance between
the upper arrival curve α(∆) and the lower service curve βl(∆), i.e., the min-
imum available computing time in any time interval. Now, we can formulate the
following scheduling constraint for a stream of events with relative deadline D:

α(∆−D) ≤ βl(∆) ∀∆ ≥ 0. (21)

5.2 Optimal Resource Availability

As higher uncertainty in resource availabilities results in higher peak tem-
peratures, a necessary condition to optimally reduce the peak temperature
is that the upper bound and lower bound service curves are identical, i.e.,
βl(∆) = βr(∆) = β(∆) for all ∆ ≥ 0, which means that there is no uncer-
tainty in resource availability. Moreover, from the characteristics of the time
interval domain follows that such a service curve has to be sub-additive, i.e.,

11



β(s) + β(t) ≥ β(s + t). The first lemma shows that we always obtain a lower
temperature if we reduce the service curve.
Lemma 5.1 (Service Curve Comparison). Given are two processors Θ1

and Θ2 with resource availabilities β1 and β2, respectively, which satisfy β1(∆) ≤
β2(∆) for all ∆ ≥ 0. When the workload of both processors is upper bounded by
the same arrival curve α, the peak temperature of processor Θ2 is not less than
the peak temperature of processor Θ1.
Proof. The condition βl(∆) = βr(∆) = β(∆) for all ∆ ≥ 0 simplifies the
computational model (5) to:

Q(t−∆, t) ≤ γ(∆) = (α⊗ β)(∆) = inf
0≤λ≤∆

{α(∆− λ) + β(λ)} . (22)

Suppose that γ1(∆) = (α ⊗ β1)(∆) and γ2(∆) = (α ⊗ β2)(∆), then we know
from (22) that β1(∆) ≤ β2(∆) for all ∆ ≥ 0 implies γ1(∆) ≤ γ2(∆) for all
∆ ≥ 0. Now, let us prove the lemma by contradiction. Suppose that there exists
a β1(∆) ≤ β2(∆) for all ∆ ≥ 0, which leads to a higher peak temperature. Then,
according to Lemma 4.2, there exists some ∆ ≤ τ such that Q∗1(τ − ∆, τ) >
Q∗2(τ − ∆, τ). As we know that Q∗(τ − ∆, τ) = γ(∆) − γ(0) = γ(∆), we can
conclude that γ1(∆) > γ2(∆) for a certain ∆, which is a contradiction.

Next, we will show that there is no service curve β that guarantees all deadlines
and leads to a lower worst-case peak temperature than service curve βopt, where
βopt(∆) = ConvexHull(α(∆−D)) is the upper convex hull function of arrival
curve α shifted by the relative deadline D.
Theorem 5.2 (Optimal Resource Availability). Given is a proper
thermal model according to (7) and (9). The component has the computational
model (4) with the sub-additive service curve βu(∆) = βl(∆) = β(∆) for all
∆ ≥ 0. Operation modes and power are defined as in (6) and (7), respectively.
Amongst all resource availabilities satisfying the schedulability constraint,
the resource availability βopt(∆) = ConvexHull (α(∆−D)) for all ∆ ≥ 0
optimally reduces the highest temperature of the processor.
Proof. At first, we show that βopt satisfies the schedulability constraint (21).
From the definition of the upper convex hull follows that βopt(∆) =
ConvexHull (α(∆−D)) ≥ α(∆−D) and therefore, βopt satisfies (21).

Next, let us prove by contradiction that there is no other service curve that
has a lower peak temperature and, at the same time, satisfies the schedulability
constraint. Suppose that there exists such a service curve β′(∆). As it satisfies
the schedulability constraints, β′(∆) ≥ α(∆ − D) and, since β′(∆) leads to a
lower temperature than βopt(∆), βopt(∆) � β′(∆) for all ∆ ≥ 0, i.e., there

exists a ∆̃ such that βopt(∆̃) > β′(∆̃). However, as βopt(∆) is the upper convex
hull of α(∆−D), β′(∆) is not sub-additive.

The obtained result is similar to temperature reduction with leaky-bucket
shapers as presented in [17]. However, while shapers are mainly a software
solution that delays the execution of events to reduce the peak temperature,
our approach is a mathematical indicator for the quality of a certain resource
model with respect to worst-case peak temperature. In particular, it is im-
possible to design a resource model that leads to a lower peak temperature and
guarantees all real-time deadlines.
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5.3 Scheduling of Multiple Tasks

Next, we extend Theorem 5.2 to a set of tasks with different arrival curves and
deadlines, scheduled under EDF. Suppose that νi denotes the i-th task within
our task set. Every task νi is characterized by an arrival curve αi and a relative
deadline Di. Then, we apply the concept of demand bound functions (DBF) [26]
for schedulability tests, and obtain the DBF dbf as:

dbf(∆) =
∑
∀i

αi(∆−Di) for all ∆ ≥ 0 (23)

and the optimal service curve by means of the DBF as:

βopt(∆) = ConvexHull(dbf(∆)). (24)

To summarize, in order to calculate the minimum peak temperature for a system
with EDF policy, we calculate the optimal service curve βopt that minimizes
the peak temperature and still guarantees all deadlines. The procedure to be
applied by system designers is as follows: First, determine the DBF of the
system. Afterwards, βopt is calculated as the upper convex hull of the DBF.

The proposed procedure can be used by system designers as an indicator for a
qualitative assessment of their resource model with respect to maximum tem-
perature. In particular, they can assess if it is worth investigating in a better,
but probably more expensive, resource model to reduce the peak temperature.

6 Experimental Analysis

In this section, we compare the worst-case peak temperature results with the
temperature of randomly generated workload traces and analyze the effect of
reduced resource availability on the worst-case peak temperature. Finally, we
provide hints on how to design a system, which is schedulable and meets tem-
perature constraints at the same time. To this end, the MPA framework [27]
that analyzes schedulability of real-time systems, is extended with the ability
to calculate the worst-case peak temperature by means of the thermal analysis
method proposed in Section 4.

6.1 Experimental Setup

Two different example applications executing on a uniprocessor system are eval-
uated in this section. The first example application consists of a single task with
an invocation period of 200 ms and an execution demand of 50 ms. The second
example is a multi-process video conferencing application, which includes a video
codec, an audio codec, and a network process for communication management.
For illustration purpose, we use the period-jitter-delay model with parameters
summarized in Table 1. If not stated otherwise, the maximum jitter of the
single task application and the video task is 20 ms. EDF policy is used to arbit-
rate between the processes. The system parameters are borrowed from [3] and
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Table 1: Parameters of the video conferencing application.

Video Audio Network

invocation period 50 ms 30 ms 30 ms
jitter [20, 90]ms 10 ms 10 ms
minimum interarrival 1 ms 1 ms 1 ms
execution demand 6 ms 3 ms 2 ms
deadline 50 ms 30 ms 30 ms

Table 2: Thermal and power parameters of the considered example system
architecture.

G C φ ρ ψ

0.3 W
K 0.03 J

K 0.1 W
K 14.0 W −25.0 W

summarized in Table 2. In all our experiments, we start simulation with initial
temperature T (0) = T∞[S(t)=0] = 325 K, calculated from the parameters given in
Table 2. The observation time τ is set to 1.0 s in all experiments.

6.2 Peak Temperature Analysis

At first, we compare the transient temperature evolution of the thermal critical
instance with the temperature of the timing critical instance and the temperat-
ure of 100 randomly generated workload traces. The thermal critical instance is
the trace that leads to the worst-case peak temperature and the timing critical
instance is the trace that releases the workload as early as possible. For this
experiment, we assume a resource with full service availability.

Figure 2 presents the results of the transient temperature evolution for the
video conferencing application with a jitter equals to 50 ms. The timing critical
instance heats up the platform at the beginning leading to a peak temperature
of 346.83 K. The 100 randomly generated workload traces might heat up the
system the most when multiple frames arrive together. In particular, the highest
observed temperature is 349.10 K for all traces. Finally, the thermal critical
instance places the burst arrivals and jitters at the end around the observation
time τ = 1 s so that a worst-case peak temperature of 350.39 K is observed.

6.3 Temperature Analysis for Different Resource Models

The proposed peak temperature analysis framework is applied to four differ-
ent resource models, namely full resource availability with frequency modula-
tion, availability with bounded-delay, availability based on time division mul-
tiple access (TDMA), and periodic availability. Besides peak temperature, the
schedulability is analyzed by means of MPA and non-schedulable configurations
are marked.
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Figure 2: Transient temperature evolution of the thermal critical instance, the
timing critical instance, and 100 randomly generated workload traces for the
video conferencing application.

Resource with Frequency Modulation. In the first experiment, we examine a
resource with full availability at different bandwidth levels in order to study the
effect of frequency scaling on peak temperature. Figure 4a shows several service
curves for different bandwidth levels B. The full service curve (β(∆) = ∆)
corresponds to full bandwidth utilization, i.e., the system is running at full op-
eration frequency. The two partially utilized service curves (β(∆) = 0.67∆ and
β(∆) = 0.33∆) correspond to a bandwidth utilization of 0.67 and 0.33, i.e.,
the system is running at an operation frequency of two-thirds and one-third,
respectively. Figures 3a and 3b outline the worst-case peak temperature as a
function of bandwidth level and jitter for single task and video conferencing
application. For the single task application with a jitter of 50 ms, a reduction of
the operation frequency by 50 % lowers the peak temperature by 4.23 K. Simil-
arly, for a jitter of 300 ms, reducing the operation frequency by half lowers the
peak temperature by 14.5 K. To interpret these results, we note that the steady-
state temperature is independent of the operation frequency as frequency scales
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(a) Single task system.
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(b) Video conferencing system.

© non-schedulable configurations

Figure 3: Worst-case peak temperature for a frequency-modulated resource as
a function of both bandwidth and jitter.
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20 40 60 100

time interval D [ms]

re
so

u
rc

e 
av

ai
la

b
il

it
y
 [

m
s]

0

0

40

60

80
bl (D)

bu(D) 

100

20

80

cycle length

slot

length

(c) TDMA resource.

20 40 60 100

time interval D [ms]

re
so

u
rc

e 
av

ai
la

b
il

it
y
 [

m
s]

0

0

40

60

80
bl (D)

bu(D) 

100

20

80

share 

period length

(d) Periodic resource.

Figure 4: Service curves for various resource models.

linearly with power consumption and inverse linearly with the execution time of
a process. If a workload burst arrives, the component is continuously processing
and the temperature increases towards T∞[S(t)=l], which in turn depends on the
operation frequency.

Resource with Bounded-Delay. A resource with bounded-delay generalizes the
principle of a frequency-modulated resource by eliminating the need for full
resource availability. To this end, a maximum delay d is introduced that mod-
els the availability. Figure 4b plots the service curve set for a resource with
d = 40 ms and a bandwidth of 50 %. Figure 5 outlines the worst-case peak
temperature as a function of bandwidth and maximum delay. The figure shows
that the higher the maximum delay, the higher the peak temperature. Increas-
ing the maximum delay leads to a higher uncertainty in resource availability so
that the workload is buffered in the arrival queue and might cause a workload
burst later. Moreover, the case study shows that bandwidth reduction might
lead to non-schedulability for large maximum delays. Therefore, lowering peak
temperature by bandwidth reduction is only applicable to systems with small
maximum delay.

TDMA. A widely proposed method for temperature reduction is to place idle
service intervals so that only a certain amount of time units are assigned to
an application for computation. Then, in all other time units, the processor is
forced to be in idle mode to reduce its temperature. This resource availability
can be described by a TDMA scheme, where the processor is always available for
S consecutive time units within every cycle C. We call C the cycle length and S
the slot length. Figure 4c outlines a service curve set for a TDMA resource with
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(b) Video conferencing system.
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Figure 5: Worst-case peak temperature for a resource with bounded-delay as a
function of both bandwidth and maximum delay.
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Figure 6: Worst-case peak temperature for a TDMA resource as a function of
cycle length and slot to cycle ratio.

C = 60 ms and S = 40 ms. The worst-case peak temperature dependency on
the cycle length and slot to cycle ratio is slightly counterintuitive as longer idle
intervals do not necessarily lead to a lower peak temperature as seen in Fig. 6.
This characteristic can be explained by the buffering effect, as well. In case
the resource is not fully available, workload that arrives during idle intervals is
buffered in the queue and causes a workload burst later, leading to an increase
of the peak temperature.

Periodic Availability. Last, we examine a periodically available resource as
introduced in [20]. In particular, a share of s time units is allocated within
every period of p time units. Similar to TDMA resources, the processor is
supposed to be in idle mode in all other time units. Figure 4d outlines the service
curve set for a periodically available resource with s = 30 ms and p = 50 ms.
The case study shows that a resource with periodic availability has similar
peak temperature characteristics as a TDMA resource. The worst-case peak
temperature is outlined in Fig. 7 as a function of period and share to period
ratio. Again, assigning a shorter share does not necessarily lead to lower peak
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(b) Video conferencing system.
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Figure 7: Worst-case peak temperature for a periodically available resource as
a function of period and share to period ratio.

temperatures due to the same reasons as described for a TDMA resource.

6.4 Discussion

In Tables 3a and 3b, the peak temperatures of the previously discussed resource
models are compared with the minimum possible peak temperature. The op-
timum peak temperature is calculated by means of the method presented in
Section 5. Out of all resource configurations that have been previously evalu-
ated, we only consider configurations that reduce the peak temperature the most
and do not miss real-time deadlines. The optimal resource allocation model can
be used as a guideline to optimize the parameters of a specific resource model.
Even though there is only a minor difference between all peak temperature
values, frequency modulation leads to the lowest peak temperature among all
resource models. As the periodic resource model has the highest uncertainty
in terms of resource availability, peak temperature reduction by means of a
periodic resource is not as efficient as with the other evaluated resource models.

Besides guaranteeing that the system never exceeds a certain peak temperature,
a second advantage of the proposed method is the evaluation time. On an Intel
Core i7 M 620 processor, calculating the worst-case peak temperature took
between 14.1 ms and 144.5 ms for the single task system and between 29.8 ms
and 53.6 ms for the video conferencing system. Calculating the worst-case peak
temperature for TDMA and periodically available resources takes the most time
as computing γ(∆) by means of (22) is more expensive than for resource models
with service curves that are composed of one or two straight lines.

Even if it is not studied in this article, another scope of the proposed method
is design space exploration. Consider, for example, a frequency-modulated re-
source with a certain critical temperature, i.e., exceeding this temperature might
lead to functional errors. As tens of design candidates can be analyzed in one
second, the proposed framework enables the identification of the optimal band-
width that minimizes the latency amongst all bandwidths with a worst-case
peak temperature lower than the critical temperature. As the proposed al-
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Table 3: Peak temperature and evaluation time comparison.

(a) Single task system.

Resource model Evaluation time Peak temperature

frequency modulation (B = 0.3 ) 14.1 ms 344.8 K
bounded delay (d = 5 ms, B = 0.3 ) 15.6 ms 345.1 K
TDMA (c = 10 ms, s = 3 ms) 123.1 ms 345.3 K
periodic resource (p = 10 ms, s = 3 ms) 144.5 ms 346.7 K
optimum peak temperature 87.5 ms 343.3 K

(b) Video conferencing system.

Resource model Evaluation time Peak temperature

frequency modulation (B = 0.4 ) 29.8 ms 347.6 K
bounded delay (d = 5 ms, B = 0.4 ) 30.8 ms 348.2 K
TDMA (c = 15 ms, s = 6 ms) 44.9 ms 349.0 K
periodic resource (p = 10 ms, s = 4 ms) 53.6 ms 350.4 K
optimum peak temperature 51.0 ms 346.5 K

gorithm offers safe bounds, the system can safely execute this design without
further involving other (dynamic) thermal management strategies.

7 Conclusion

In this article, we presented an analytic approach to determine the worst-case
peak temperature of real-time systems with non-deterministic workload and
general resource availability. Amongst others, the presented framework is able
to deal with frequency modulated resources and temperature-dependent leakage
power. The event and resource models are based on real-time calculus so that
the framework is able to handle a broad range of non-determinism in terms of
unknown jitter, burst, and provided computation. In particular, the accumu-
lated workload arrival from all task invocations is characterized by an arrival
curve, i.e., by an upper bound on the sum of task execution times arriving in any
time interval. Similarly, we model the resource availability by service curves.
By applying the proposed method to various resource models, we studied the
effect of frequency modulation and periodic availability on the worst-case peak
temperature.
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