
Internal Synchronization of Drift-Constraint Clocks
in Ad-Hoc Sensor Networks

Lennart Meier
∗

meier@tik.ee.ethz.ch
Philipp Blum

†

blum@tik.ee.ethz.ch
Lothar Thiele

thiele@tik.ee.ethz.ch

Computer Engineering and Networks Laboratory
Swiss Federal Institute of Technology (ETH) Zürich

CH-8092 Zürich, Switzerland

ABSTRACT
Clock synchronization is a crucial basic service in typical sensor
networks, since the observations of distributed sensors more often
than not need to be ordered (“a happened beforeb”) or otherwise
related (“aandbhappened within a time window of sizex”) in time.
Ad-hoc networks may exhibit characteristics which make the use of
traditional clock-synchronization algorithms infeasible. Recently,
algorithms suitable for ad-hoc networks have been presented.

We first propose an improvement to an existing algorithm. While
needing less computation and no more communication or mem-
ory than the original algorithm, our new algorithm always yields
equal or better results and thus outperforms the original algorithm.
We then examine how even better synchronization can be obtained,
possibly at the cost of additional computation, communication, and
memory. To this end, we introduce a model for internal synchro-
nization. This model allows us to find an algorithm which makes
use of all the data a node can obtain from the network for a given
communication pattern and thus provides optimal synchronization
in our model.

Categories and Subject Descriptors
C.2.4 [Computer Systems Organization]:
Computer-Communication Networks—Distributed Systems.

General Terms
Algorithms, Performance, Reliability, Theory.
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1. INTRODUCTION
Clock synchronization is an important service in typical ad-hoc

sensor networks. For example, the correct evaluation of distributed
sensor data may require knowledge about the chronology of the
sensor observations [10]. In addition, energy consumption can be
reduced by synchronous power-on and shutdown of the wireless-
communication circuits of a sender–receiver pair [2, 3, 13].

Clock synchronization in ad-hoc (and thus wireless) sensor net-
works poses challenges that are substantially different from those in
infrastructure-based networks.Robustness:There is no stable con-
nectivity between nodes.Energy efficiency:Synchronization can
only be achieved and maintained by communication. Communica-
tion is expensive in terms of energy, which typically is a scarce
resource for sensor nodes.Ad-hoc deployment:The clock-synchro-
nization service must not rely on any a-priori configuration or on
infrastructure.

The conclusion is that traditional algorithms, such as the well-
known Network Time Protocol [8], cannot be directly applied in
ad-hoc sensor networks. One suitable algorithm was proposed in
[10]. However, it does not provide optimal synchronization.

1.1 New results and related work
This paper extends the work presented in [10] both on an algo-

rithmic and on a theoretical level. We modify the algorithm pre-
sented in [10] and obtain better synchronization with less compu-
tation and no additional communication or memory. We then ex-
amine how even better synchronization can be obtained, possibly
at the cost of additional computation, communication, and mem-
ory. To this end, we introduce a model for internal synchronization.
This model allows us to find an algorithm which makes use of all
the data a node can obtain from the network for a given communi-
cation pattern.

The algorithms in this paper provide guaranteed bounds on the
local times of nodes. Computing such bounds instead of time esti-
mates was first proposed in the context of external synchronization
by Marzullo and Owicki [6] and was further studied by Schmid and
Schossmaier [11].

There has been much work on clock synchronization [7, 12].
However, most of the proposed synchronization algorithms rely on
a network that is not partitioned and where good estimates for mes-
sage delays are available. Some algorithms are also based on the
assumption that the actual clock drift is a linear function of time.
These assumptions may not hold in ad-hoc sensor networks where
connectivity is limited, delays may vary due to the shared wire-
less medium, and clock drifts may fluctuate considerably because
of changing environmental conditions.



1.2 Overview
In Sect. 2, we formally define the system model and state the

problem we want to solve. In Sect. 3, we revisit the algorithm from
[10], propose an improvement and show that our improved algo-
rithm always outperforms the original algorithm. In the rest of the
paper, we make use of a simplified system model which we intro-
duce in Sect. 4. In Sect. 5, we then proceed to show how optimal
synchronization in simple scenarios is achieved, laying the founda-
tion for the analysis of more complex scenarios in Sect. 6, where we
propose an algorithm which makes use of all the data available for
a given communication pattern. It thus provides optimal bounds, as
we show in Sect. 7.

2. SYSTEM MODEL AND
PROBLEM STATEMENT

In this section, we give a model that captures those aspects of an
ad-hoc sensor network that are essential to our analysis. We then
state the problem that we want to solve in the rest of the paper.

2.1 Scenarios, traces, and views
To model the interaction of the nodes in a sensor network, we

define two types of events: sensor and communication events.
Sensor events.A sensor node may receive sensor data from out-

side the network. We model this as asensor event swhich occurs
at the sensor node at real timets.

Communication events.We assume that communication occurs
point-to-point between two sensor nodes. We model this as acom-
munication event cwhich occurs at real timetc. A communication
event can consist of either one message being sent from a sender
to a receiver, or of two messages being exchanged between the two
communicating nodes. We will use the first notion of communica-
tion event until the end of Sect. 3, and then switch to the second
one.

2.1.1 Scenarios, traces, and views.
We call the set of all events in a system and the real times at

which they occur ascenario. A scenario describes a particular com-
munication pattern.

For a given scenario, the local times of events can still be cho-
sen within certain limits imposed by the clock model (Sect. 2.2). If
we fix these times, we obtain an extension of a scenario: We call
the combination of a scenario and corresponding local times for all
events atrace.

A synchronization algorithm obviously has access only to the
information known to the nodes executing it. We define theview
Vi(t) of nodeNi at real timet as all the information that nodeNi
could have obtained until timet.

2.2 Clock model
Each node of the network is equipped with a local clock; the

reading of nodeNi ’s clock at real timet is denoted ashi(t). We will
refer to the clock of nodeNi simply ashi . The drift of a clockhi
at timet is defined as the deviation of its speed from the “correct”
speed and is thus given by

ρi(t) =
dhi(t)

dt
−1 . (1)

For timesta, tb with ta 6= tb, we define the average drift in[ta, tb] as

ρ̄i(ta, tb) = (hi(tb)−hi(ta))/(tb− ta) .

The quality of synchronization that can be achieved depends on the
assumptions about the properties of the nodes’ clocks. In this paper,

we suppose that the absolute value of clockhi ’s drift is limited by
a known constant̂ρi :

−ρ̂i ≤ ρi(t)≤ ρ̂i ∀t . (2)

We call a clock for which (2) holds adrift-constraint clock(DCC)
and a node equipped with such a clock a DCC node.

We requireρi(t) > −1 for all timest (and alsoρi(t) < 1, for
reasons that will become clear later). This means that a local clock
can never stop (ρi(t) = −1) or run backward (ρi(t) < −1). Thus,
for two eventsa, b with ta < tb occuring at nodeNi (whose clock’s
drift ρi is bounded according to (2)), nodeNi can compute bounds
∆l

i [a,b], ∆u
i [a,b] on the real-time difference∆[a,b] := tb− ta as

∆l
i [a,b] :=

hi(tb)−hi(ta)
1+ ρ̂

∆u
i [a,b] :=

hi(tb)−hi(ta)
1− ρ̂

.

2.2.1 Admissible trace.
We call a traceadmissibleif it satisfies the constraints on clock

drifts as defined in (2).

2.3 Problem statement
We define the problem of internal synchronization as follows:

Given a trace with an event occurring at nodeNj at local timeh j (t),
we are interested in tight boundsH l

i (t), Hu
i (t) on the local timehi(t)

of another nodeNi at timet, such thatH l
i (t)≤ hi(t)≤ Hu

i (t) .
In the context of a sensor network, this situation arises, e.g.,

when a sensor events is observed at timets by nodeNj , and an-
other nodeNi wants to obtain bounds onhi(ts). In the example in
Fig. 1, the sensor nodesN2 andN3 sense a vehicle at local times
h2(t1) andh3(t2).1 If node N1 can compute bounds onh1(t1) and
h1(t2) which show thatt1 < t2 (i.e. Hu

i (t1) < H l
i (t2)), it can con-

clude that the vehicle entered the sensing area ofN2 first and then
that ofN3.

Figure 1: To perform correct sensor-data fusion, nodeN1 has to
be able to relate the observations of nodesN2 and N3 in time.

2.3.1 Guaranteed bounds on local time.
All algorithms discussed in this paper provide guaranteed bounds

on local time. Given the local time of one node at a certain real time,
bounds on the local time of another node at the same real time are
computed. We call the difference between the upper and the lower
bound theuncertainty.

Interestingly, the use of guaranteed bounds has not received much
attention, although it has a number of advantages over using time
estimates: (a) Guaranteed bounds on the local times at which sen-
sor events occurred allow to obtain guaranteed bounds from sensor-
data fusion. (b) The concerted action (sensing, actuating, communi-
cating) of several nodes at a predetermined local time of a specific

1For simplicity, we assume that a sensor event is only generated at
the first sensing of the vehicle, i.e. at the moment where the vehicle
enters the sensing area.



clock always succeeds: each node can minimize its uptime while
guaranteeing its activity at the predetermined time. (c) The com-
bination of several bounds for a single local time is unambiguous
and optimal, while the reasonable combination of time estimates
requires additional information about the quality of the estimates.

3. IMPROVING AN
EXISTING ALGORITHM

In this section, we first revisit the algorithm from [10]. We then
identify a straightforward improvement of that algorithm, and fi-
nally compare the two algorithms by quantifying this improvement.
The result is that our improved algorithm always outperforms the
original algorithm from [10].

3.1 The algorithm from [10]
In [10], synchronization is achieved as follows: At some time

after the occurrence of a sensor events at nodeNj , this node sends
bounds on the local timeh j (ts) at which the event occurred to node
Ni . NodeNi receives these bounds and transforms them into bounds
on the local timehi(ts) its own clock was showing at timets. We
will now see in detail how this transformation is done.

The message exchange between a sender and a receiver node
is depicted in Fig. 2. At timet3, the sender nodeNj observes a
sensor event and stores its local timeh j (t3). At time t4, nodeNj
sendsh j (t3), the local timeh j (t2) at which the last acknowledg-
ment ACK1 was received from nodeNi , and the current local time
h j (t4) to the receiver nodeNi in a single message M2. This message
is received byNi at local timehi(t5). NodeNi can now compute
bounds onhi(t3) by subtracting fromhi(t5) the maximal and mini-
mal local time that can have elapsed in the real-time interval[t3, t5].
For the lower bound, this yields

H l
i (t3) = hi(t5)−

(
h j (t4)−h j (t3)

) 1+ ρ̂i

1− ρ̂ j

−
(

(hi(t5)−hi(t1))−
(
h j (t4)−h j (t2)

) 1− ρ̂i

1+ ρ̂ j

)
. (3)

The expression on the second line of (3) is an upper bound on the
local-time differencehi(t5)− hi(t4), i.e. on the delay of M2 ex-
pressed in local time ofNi . For the upper bound, we have

Hu
i (t3) = hi(t5)−

(
h j (t4)−h j (t3)

) 1− ρ̂i

1+ ρ̂ j
. (4)

3.2 Improvement to the algorithm
Equation (3) can be simplified algebraically to

H l
i (t3) = hi(t1)+

(
h j (t4)−h j (t2)

) 1− ρ̂i

1+ ρ̂ j

−
(
h j (t4)−h j (t3)

) 1+ ρ̂i

1− ρ̂ j
.

This equation shows that the lower bound is actually computed by
first advancing the local timehi(t1) by the minimum local time
(of nodeNi) that passes in the real-time interval[t1, t4] (note that
t2− t1 = 0 is assumed, i.e. the delay of ACK1 is assumed to be
zero), and then subtracting the maximum local time that passes in
the interval[t3, t4]. Informally speaking, we start att1, walk pastt2
andt3 to t4 and then back tot3. Our improvement is straightforward:
We compute the lower boundH l

i (t3) by advancinghi(t1) by the
minimum local time that passes in the real-time interval[t1, t3], i.e.

H l
i (t3) = hi(t1)+

(
h j (t3)−h j (t2)

) 1− ρ̂i

1+ ρ̂ j
. (5)

Note that we do not change the way the upper boundHu
i (t3) is

computed.

3.3 Comparison
The difference in uncertainty of the two algorithms is

∆U =
(
h j (t4)−h j (t3)

)(
1+ ρ̂i

1− ρ̂ j
− 1− ρ̂i

1+ ρ̂ j

)
=

(
h j (t4)−h j (t3)

) 2(ρ̂i + ρ̂ j )
1− (ρ̂ j )2 .

The improvement over the original algorithm is largest for large
values ofh j (t4)−h j (t3) and large maximal drifts. Since our algo-
rithm provides an equal or better uncertainty with less computation
and otherwise equal resources, it is strictly superior to the algorithm
from [10].

We now give a numerical example which we will come back to
later in the paper. We letNi andNj communicate periodically every
hour. The eventsoccurs 100 seconds after a communication, andNi
andNj both constantly have maximal drift+ρ̂i = +ρ̂ j = 100ppm.
We need not make any assumption about the message delays, since
they do not influence the difference in uncertainty, which for the
above values is greater than 1400ms.

4. A SIMPLIFIED MODEL
Our improved algorithm from Sect. 3 does not provide optimal

bounds in all cases. In the rest of the paper, we examine how op-
timal bounds can always be obtained, possibly at the cost of ad-
ditional computation, communication and memory. In this section,
we introduce a simplified system model which allows us to focus
on the relevant factors.

4.1 System model
We now introduce a simplified model which we will use in the

rest of the paper. The simplification consists in ignoring message-
delay uncertainties and combining a message exchange between
two nodes into a single, atomic communication event. This is shown
in Fig. 3, where during each of the communication eventsa andb,
each node sends and receives one message (we do not count ac-
knowledgments as messages here).

Although our model contains some simplifications, our analy-
sis is still useful because it gives bounds on what is achievable
in case of known message delays. By exchanging multiple mes-
sages between two nodes, the delay uncertainty can be bounded to
a few microseconds [1, 4, 5, 9]. Such bounds on the delay can be
integrated into our equations. We will now argue that for typical
sensor networks, the impact of message-delay uncertainty can be
neglected.

4.1.1 Drift vs. delay uncertainty.
Clock-synchronization algorithms face two problems: The infor-

mation a node has about the local time of another node degrades
over time due to clock drift (this is illustrated in Fig. 4), and its im-
provement through communication is hindered by message-delay
uncertainty. The influence of drift and delay uncertainty can to a
large extent be studied separately.

The influence of the clock drift on the quality of synchronization
may dominate over the influence of the message delays. This is
the case in those ad-hoc sensor networks where communication is
sporadic not only in the sense of unpredictable, but also in the sense
of infrequent. With decreasing frequency of communication, the



Figure 2: Message exchange between a sender and a receiver.

Figure 4: Graphical representation of the knowledge of nodeNi about the local timeh j of nodeNj as a function of real time t. The
shaded area is the region in whichh j can lie. The two nodes communicate at eventsa and b. On the right, h j − t is plotted againstt;
additionally, the information about past values ofh j that Ni gathers at eventb is shown as a lighter-shaded area.

Figure 3: Two nodesNi , Nj communicate at eventsa and b. A
sensor events occurs at nodeNj .

uncertainty due to clock drift increases, while the uncertainty due
to message delays remains constant.A numeric example:Suppose
the message delay contributes 1 millisecond to a node’s uncertainty,
and the clock drift is bounded bŷρ = 100ppm. After 5 seconds,
the drift’s contribution to the uncertainty equals that of the delay.
After one hour, it is 720 times larger. In such settings, neglecting
the delay uncertainty is acceptable.

5. OPTIMAL SYNCHRONIZATION
IN A SIMPLE SCENARIO

In this section, we examine the simple scenario depicted in Fig. 3.
We propose straightforward bounds and show that they are tight.
This lays the foundation for the analysis of more complex scenar-
ios in Section 6.

5.1 Basic setting
In the scenario depicted in Fig. 3, we assume that both nodes

gather and exchange data as follows:

1. At event a, the nodes exchange their local-clock readings
hi(ta), h j (ta).

2. At events, nodeNj timestamps the event with the local-clock
readingh j (ts).

3. At event b, the nodes exchange their local-clock readings
hi(tb), h j (tb). Furthermore, nodeNj communicates the time
stamph j (ts) to nodeNi .

In the end, both nodes share all the available information. The
computation of the boundsH l

i (ts), Hu
i (ts) we show in the following

can thus be performed by any of the two nodes.

5.2 Computation of the bounds
The following two lemmas show how tight boundsH l

i (ts), Hu
i (ts)

on hi(ts) are obtained from local times of events preceding or suc-
ceeding events.

LEMMA 5.1. Let two DCC nodes Ni , Nj with drift constraints
ρ̂i , ρ̂ j be given. If only the local-clock readings hi(ta), hj (ta) of
both clocks at some time ta and the value hj (ts) for some ts > ta
are given, then tight bounds Hli (ts), Hu

i (ts) with Hl
i (ts) ≤ hi(ts) ≤

Hu
i (ts) are given by

H l
i (ts) = hi(ta)+

h j (ts)−h j (ta)
1+ ρ̂ j

(1− ρ̂i)

Hu
i (ts) = hi(ta)+

h j (ts)−h j (ta)
1− ρ̂ j

(1+ ρ̂i) .

PROOF. According to (2), the real-time difference∆[a,s] = ts−
ta is limited by

h j (ts)−h j (ta)
1+ ρ̂ j

≤ ∆[a,s]≤
h j (ts)−h j (ta)

1− ρ̂ j
.

The local clock of nodehi has advanced for a period of∆[a,s] with
a speed between 1− ρ̂i and 1+ ρ̂i . The lower boundH l

i (ts) follows
by combination of minimum∆[a,s] with minimum speed, the upper
boundHu

i (ts) analogously for maximum values. The bounds are
tight since they are indeed attained for these combinations.



Looking again at the scenario depicted in Fig. 3, bounds onhi(ts)
can of course be computed also by relatingh j (ts) to h j (tb) instead
of to h j (ta).

LEMMA 5.2. Let two DCC nodes Ni , Nj with drift constraints
ρ̂i , ρ̂ j be given. If only the local-clock readings hi(tb), hj (tb) of
both clocks at some time tb and the value hj (ts) for some ts < tb
are given, then tight bounds Hli (ts), Hu

i (ts) with Hl
i (ts) ≤ hi(ts) ≤

Hu
i (ts) are given by

H l
i (ts) = hi(tb)−

h j (tb)−h j (ts)
1− ρ̂ j

(1+ ρ̂i) (6)

Hu
i (ts) = hi(tb)−

h j (tb)−h j (ts)
1+ ρ̂ j

(1− ρ̂i) . (7)

PROOF. According to (2), the real-time difference∆[s,b] = tb−
ts is limited by

h j (tb)−h j (ts)
1+ ρ̂ j

≤ ∆[s,b]≤
h j (tb)−h j (ts)

1− ρ̂ j
.

The local clock of nodehi has advanced for a period of∆[s,b] with
a speed between 1− ρ̂i and 1+ ρ̂i . Sincets < tb, the lower bound
H l

i (ts) follows by combination of maximum∆[s,b] with maximum
speed, the upper boundHu

i (ts) for minimum values. The bounds
are tight since they are indeed attained for these combinations.

5.3 Comparing and combining
Lemmas 5.1 and 5.2

If we compare the uncertainty abouthi(ts) for the bounds from
Lemmas 5.1 and 5.2, we can observe that the two methods yield the
same uncertainty (but not the same bounds) if

h j (ts) =
1
2
(h j (tb)+h j (ta)) .

(Note that this does generally not meants = 1
2(tb + ta).) Other-

wise, using the local-clock reading which is closer toh j (ts) yields
a smaller uncertainty and thus a better result.

Obviously, we can use bothh j (ta) andh j (tb), combining the dif-
ferent bounds from Lemmas 5.1 and 5.2. We state this in the fol-
lowing corollary.

COROLLARY 5.3. Let two DCC nodes Ni , Nj with drift con-
straintsρ̂i , ρ̂ j be given. If for times ta < ts < tb only the local-clock
readings hi(ta), hj (ta), hi(tb), hj (tb) of both clocks and the value
h j (ts) are given, then tight bounds Hli (ts), Hu

i (ts) with Hl
i (ts) ≤

hi(ts) ≤ Hu
i (ts) are given as the maximum and the minimum of the

lower and upper bounds computed according to Lemmas 5.1 and
5.2.

The uncertaintyHu
i (ts)−H l

i (ts) according to Corollary 5.3 be-
comes minimal (i.e., zero) for maximal drift diversity, i.e. forρ̄i =
±ρ̂i andρ̄ j =∓ρ̂ j . We will see in the following that drift diversity
is always beneficial.

6. ARBITRARY SCENARIOS
In this section, we examine synchronization in arbitrary scenar-

ios. We first identify the general principle by which bounds on local
times are computed from bounds on real-time intervals. We then
propose an algorithm which computes these intervals using all the
data available for a given communication pattern.

6.1 General approach
Let us revisit the scenario in Fig. 3: To obtain bounds onhi(ts),

we computed bounds on the differencets− ta (either directly from
h j (ts)−h j (ta) or usingts− ta = tb− ta− (tb− ts)) and then mul-
tiplied them with 1− ρ̂i and 1+ ρ̂i , respectively. This resulted in
bounds onhi(ts)−hi(ta) which we added tohi(ta) to obtain bounds
on hi(ts). We then analogously computed another set of bounds on
hi(ts) from tb− ts and finally chose the best bounds.

In a more complex scenario, there may be various bounds∆l ,
∆u on the time differences that we use to compute boundsH l

i (ts),
Hu

i (ts) on the local timehi(ts). The bounds∆l , ∆u can be illustrated
by paths in the event chart as shown in Fig. 5.

Figure 5: Three nodesNi , Nj , Nk with communication events
b, . . . ,d. A sensor eventsoccurs at nodeNj . The communication
eventsc and d may help to find better bounds onhi(ts). The
dotted lines indicate the real-time intervals on which bounds
are computed using the paths shown by the corresponding solid
lines.

6.2 Paths in the event chart
In the scenario depicted in Fig. 5, we can compute bounds on

hi(ts) simply by using (6) and (7) from Lemma 5.2. However, we
then do not use any information from the eventsc andd. In the ideal
case of maximum drift diversity between nodesNi andNk (i.e.ρi =
±ρ̂i and ρk = ∓ρ̂k), the uncertainty abouthi(ts) can be reduced
with this additional information, becausēρi(tc, td) is known, and
hence alsōρi(ts, tb). We need not make this knowledge explicit by
replacing(1± ρ̂i) with (1∓ ρ̂i) in (6) and (7), but can rather com-
pute for instance the lower boundH l

i (ts) ashi(tc)+∆l [c,s](1− ρ̂i),
where we compute∆l [c,s] along the paths–b–d–c in Fig. 5.

The general approach consists in computing the bounds onhi(ts)
using all possible paths in the event chart which start at events
on nodeNj and arrive at some event on nodeNi . This approach
is elegant in that all improvements due to drift diversity are “auto-
matically” taken into account by traversing all possible paths and
choosing the best, i.e. the one that provides the best bound. The
quality of a path or of a path segment depends on how close the
assumed drift on it is to the actual drift. If the two are equal, we
call the path or path segmenttight. If a bound onhi(ts) results from
a tight path, then the bound is equal tohi(ts).

6.3 General algorithm
The algorithm we now propose chooses the best of all available

bounds on time differences to compute bounds onhi(ts) by evalu-
ating all possible paths.



Figure 6: Illustration of paths in the event chart. Four different paths for computing a lower bound H l
i (ts) on hi(ts) are shown.

ALGORITHM 6.1. Let a communication scenario between n net-
work nodes N1, . . . ,Nn be given. Assume that during communica-
tion events, the two nodes involved exchange their complete views.
Then for any event s that occurs at time ts at node Nj and not at
node Ni , node Ni can compute tight bounds Hli (ts), Hu

i (ts) on the
local time hi(ts) from its maximal (i.e. latest) view as follows:

1. For any event e at node Ni , Ni computes bounds∆l
i [e,s],

∆u
i [e,s] on ts− te by traversing all paths between s and e and

choosing the best among all the resulting bounds. We illus-
trate this in Fig. 6 for∆l [c,s] and∆u[d,s].

2. Bounds on hi(ts) are computed from the bounds obtained in
Step 1: For every event e, we obtain bounds according to (we
use[x]+ as an abbreviation formax{x,0})

H l
i (ts)≥ hi(te)+

[
∆l

i [e,s] · (1− ρ̂i)
]+

−
[
−∆l

i [e,s] · (1+ ρ̂i)
]+

Hu
i (ts)≤ hi(te)+ [∆u

i [e,s] · (1+ ρ̂i)]+

− [−∆u
i [e,s] · (1− ρ̂i)]+ .

In each of the two expressions above, only one of the max-
imization operations can yield a value strictly greater than
zero (remember that̂ρi < 1), depending on whether e pre-
cedes or succeeds s.

3. The final bounds Hli (ts), Hu
i (ts) on hi(ts) are given as the

maximum of all lower and the minimum of all upper bounds
obtained in Step 2.

6.4 Comparison with Corollary 5.3
We now revisit the numerical example introduced in Sect. 3. To

quantify the improvement of using additional paths, we extend the
example with an additional nodeNk and eventsc, d as shown in
Fig. 7. Note that the time axis is not to scale: as before, we have
tb− ta = 3600s andts− ta = 100s. If the drifts are as indicated,
then using all paths yieldsH l

i (ts) = Hu
i (ts) = hi(ts). If we use only

the simple paths from Corollary 5.3, the uncertainty is above 40ms.
Algorithm 6.1 obviously requires a lot of communication, mem-

ory, and computation. We present it as the theoretical reference for
the maximum synchronization quality that can be achieved. In the
next section, we show that the algorithm provides the best possible
synchronization.

Figure 7: Illustration of an extension of the numerical example
we introduced in Sect. 3.

7. OPTIMALITY OF ALGORITHM 6.1
We now show that in our model, no correct, deterministic algo-

rithm can obtain better bounds than those given by Algorithm 6.1.

THEOREM 7.1 (OPTIMALITY OF ALGORITHM 6.1). Let a
trace T , a sensor event s occuring at node Nj , and another node
Ni be given. Then no correct deterministic algorithm A exists that
provides better bounds on hi(ts) than Algorithm 6.1.

PROOF. We prove Theorem 7.1 by contradiction: Assume that
given the maximal (i.e. latest) views of all nodes resulting from
traceT, subsumed in a total viewV, an algorithmA provides the
boundsĤ l

i (ts) and Ĥu
i (ts) which are correct inT, i.e. Ĥ l

i (ts) ≤
hi(ts) ≤ Ĥu

i (ts). Further assume that algorithmA provides better
bounds than Algorithm 6.1, i.e. eitherĤ l

i (ts) > H l
i (ts) or Ĥu

i (ts) <

Hu
i (ts), whereH l

i (ts),H
u
i (ts) are the bounds computed by Algo-

rithm 6.1.
As we will show in Sect. 7.1, it is always possible to construct an

admissibletraceT ′ with view V (i.e. T ′ is indistinguishable from
T) in which hi(ts) = H l

i (ts). Thus, Algorithm 6.1 provides a tight
lower bound. Equally, it is always possible to construct an admissi-
ble traceT ′′ with viewV in whichhi(ts) = Hu

i (ts). Thus, Algorithm
6.1 provides a tight upper bound.

Therefore, algorithmA is not correct for either the traceT ′ (since
hi(ts) = H l

i (ts) < Ĥ l
i (ts)) or the traceT ′′ (sincehi(ts) = Hu

i (ts) >

Ĥu
i (ts)). This contradicts our initial assumption.



Figure 8: On the left, there are no cycles in the event chart. It is therefore straightforward that all path segments can be made tight.
On the right, several paths form cycles; therefore it is not a priori clear whether clock drifts and event times can always be modified
such thatH l

i (ts) = hi(ts).

7.1 Construction of indistinguishable traces
In the proof of Theorem 7.1, we required that for a given trace

T, it is possible to construct an admissible and indistinguishable
traceT ′ in which hi(ts) = H l

i (ts). The traceT ′ is constructed by
making the path leading to the lower boundH l

i (ts) tight; this is
achieved by adjusting the drift rates along this path and shifting the
real times of the events limiting the path segments. Shifting the real
time of a communication event always affects two nodes and might
conceivably lead to a violation of (2). We will now show that this
cannot happen.

LEMMA 7.2. Let an admissible trace T with view V and the
sensor event s occurring at time ts at node Nj be given. For any
event e occurring at node Ni , let ∆l [e,s] be the lower bound on
ts− te computed by Algorithm 6.1. Then an admissible trace T′

with view V′ can be constructed such that V′ = V and the lower
bound∆l [e,s] is tight in T′.

PROOF. If ∆l [e,s] = ts− te in traceT, we setT ′ = T and are
done. If∆l [e,s] < ts− te, let pbestbe the best path which is used by
Algorithm 6.1 to compute∆l [e,s]. If there is no other path froms
to e, then all path segments alongpbest can be made tight without
influencing other paths, and we are done.

If there is at least one other path, we have a cycle and another
path might be influenced by the tightening ofpbest. Let eventj (for
join) be an event on the best pathpbestat which another pathpother
joins. Let eventf (for fork) be the latest event onpbest before j
which is also onpother. In the right-hand chart in Fig. 8, we might
for instance havee= j = a, f = s, pbest= s–a, andpother= s–d–
c–a.

Sincepbest is the best path, we have

∆l
best[ j, f ]≥ ∆l

other[ j, f ] . (8)

In the traceT ′, the best path shall be tight, i.e.∆l
best[ j, f ] =

∆[ j, f ] = t ′f − t ′j . We set the times at which eventsf and j occur
in T ′ to t ′f = t f and

t ′j = t f −∆l
best[ j, f ]≥ t f − (t f − t j ) = t j . (9)

To show thatT ′ is admissible, we have to show that∆l
other[ j, f ]

is a valid lower bound ont f − t ′j in T ′, even thought ′j ≥ t j . This

follows from (8) and (9):t f − t ′j = ∆l
best[ j, f ]≥ ∆l

other[ j, f ].

COROLLARY 7.3. The bound Hli (ts) can be made tight. Accord-
ing to Lemma 7.2, the best path from s to some event e on node Ni
can be made tight. Analogously, we can also setρi =±ρ̂i between
events s and e, thus making Hl

i (ts) tight.

We will now illustrate Theorem 7.1 with two examples. In the
left-hand scenario in Fig. 8, there is only one path; no matter how
large and complex the portion of the event chart to the left of event
c at nodeNi is, we can shifttc arbitrarily as long as there is only
one path froms to Ni . This also applies tob and tb here. Thus,
H l

i (ts) = hi(ts) can always be achieved.
In the right-hand scenario in Fig. 8, there is more than one path

from s to Ni . The best path used by Algorithm 6.1 forms at least one
cycle with some other path. Thus, the real times of the events along
the best path cannot be shifted arbitrarily. In the following, we show
that they can always be shifted enough to make the best path tight.
Let us assume that the lower bound onhi(ts) provided by Algo-
rithm 6.1 isH l

i (ts) = hi(ta)+∆l [a,s](1− ρ̂i), and that the paths–a
from which∆l [a,s] is derived is not tight, i.e.∆l [a,s] < ts− ta. To
obtain the traceT ′, we therefore increaseta until ∆l [a,s] = ts− ta.
To keeph j (ta)−h j (tc) constant, we need to decreaseρ̄ j (tc, ta), in-
creasetc, or both. Suppose that̄ρ j (tc, ta) = −ρ̂ j and hence cannot
be decreased. We hence have to increasetc. To keephk(td)−hk(tc)
constant, we need to increaseρ̄k(tc, td), increasetd, or both. Sup-
pose that̄ρk(tc, td) = +ρ̂k and hence cannot be increased. We hence
have to increasetd. To keeph j (td)− h j (ts) constant, we need to
decreasēρ j (ts, td) (remember that we cannot modifyts). Suppose
thatρ̄ j (ts, td) =−ρ̂ j and hence cannot be decreased. Now, it would
seem that we cannot constructT ′ with H l

i (ts) = hi(ts).
Actually, we already haveT ′: We assumed

ρ̄ j (tc, ta) =−ρ̂ j ρ̄k(tc, td) = +ρ̂k ρ̄ j (ts, td) =−ρ̂ j .

These assumptions provide us with a tight paths–d–c–a and thus a
tight bound

∆l [a,s] =−
h j (td)−h j (ts)

1− ρ̂ j
+

h j (td)−h j (tc)
1+ ρ̂ j

−
h j (ta)−h j (tc)

1− ρ̂ j

= ts− ta .

Obviously, the paths–a cannot be made tight if there already is
another tight paths–d–c–a. Our initial assumption thats–a is the
best path used by Algorithm 6.1 was therefore wrong.



8. CONCLUSION
We modified the algorithm for internal clock synchronization

from [10], obtaining better synchronization while reducing com-
putation and without requiring additional communication or mem-
ory. We then introduced a new model for internal synchronization
and argued why the abstractions the model imposes are reasonable.
Using this model, we devised an algorithm which uses all the data
that can be obtained for a given communication pattern, at the ex-
pense of additional computation, communication and memory. Fu-
ture work consists in the simulation and quantitative analysis of the
gains in synchronization quality and of the additional requirements
for a large network; this allows to find a trade-off between synchro-
nization quality and required resources.
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