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ABSTRACT
Energy-efficiency has been an important system issue in hardware
and software designs to extend operation duration or cut power bills.
This research explores systems with probabilistic distribution on the
execution time of real-time tasks for systems with discrete frequencies. Most previous studies consider DVS systems with continuous
frequencies for the minimization of expected energy consumption under timing constraints. However, these approaches cannot guarantee
the minimization of expected energy consumption when only discrete
frequencies are available. This paper presents new approaches to minimize the expected energy consumption. By applying intra-task frequency scheduling, we develop an efficient algorithm to derive optimal frequency scheduling for a single task. The algorithm is then
extended to cope with periodic real-time tasks with different power
characteristics. With inter-task and intra-task frequency scheduling,
we present a linear-programming approach to derive optimal solutions for frame-based real-time tasks and an on-line algorithm for periodic real-time tasks. Experimental results show that the proposed
algorithms can effectively reduce the expected energy consumption.
Keywords: Dynamic Voltage Scaling, Probability, Expected Energy Consumption Minimization, Energy-Efficient Scheduling.

1. INTRODUCTION
Power management and energy consumption minimization are now
important system design issues for modern computing systems. To
balance the power/energy consumption and the performance of a system, dynamic voltage scaling (DVS) was introduced, in which different supply voltages lead to different execution frequencies.
For systems with real-time demands, energy-efficient scheduling
has been studied to minimize the energy consumption with timing
guarantee. The survey by Chen and Kuo [2] provides a comprehensive
study for DVS scheduling. For real-time systems, energy-efficient
scheduling is to minimize the energy consumption without making
any task miss its deadline, provided that each task executes as its
worst-case estimation. However, a task instance might complete earlier than its worst-case estimation, and the unused time (slack) might
be reclaimed to reduce the energy consumption. Slack reclamation
was studied to reduce energy consumption by using the slack left by
some completed task instances, e.g., [1, 9].
In addition to worst-case estimations, profiling can also help system designers to get the distribution information of the workload of
a task. With the probability distribution of workload, some previous
studies [3, 4, 7, 11–13] provide DVS scheduling strategies to reduce
the expected energy consumption when there are continuous proces-

sors frequencies. Lorch and Smith [7] derived an accelerating frequency scheduling by executing a task at a lower frequency at the beginning and at higher frequencies for the rest, while concurrent tasks
were treated as joint workload. Gruian [3] considered the scheduling of multiple tasks and allocated execution time to tasks based on
their worst-case execution cycles. Yuan and Nahrstedt [12] used the
accelerating scheduling strategy for soft real-time multimedia tasks.
Xu et al. [11] and Zhang et al. [13] explored inter-task scheduling for
frame-based real-time tasks, in which all tasks have the same arrival
time and deadline. Gruian and Kuchcinski [4] developed heuristics
for task ordering to reduce the expected energy consumption.
However, processors, now, can only provide discrete frequencies.
For systems with discrete frequencies, Xian and Lu [10] and Xu et
al. [11] extended the accelerating scheduling by applying the research
result by Ishihara and Yasuura [5] to use two adjacent frequencies
to execute tasks. However, we will show that the derived solution
is not optimal on the minimization of expected energy consumption.
Moreover, Lu et al. [8] applied Lagrange Multiplier Method to cope
with single-task systems with continuous probability density functions. When the probability density function of workload information
of tasks is discrete, the approach by Lu et al. [8] is not applicable.
This paper presents new approaches to minimize the expected energy consumption for real-time tasks with discrete probability density
functions of their workload information when there are only discrete
frequencies available. Intra-task and inter-task scheduling scenarios
are explored, in which the former considers frequency assignment
during the execution of a task and the latter explores frequency assignment among tasks. For intra-task frequency scheduling, we develop an efficient algorithm to derive optimal frequency scheduling
for a single task so that the expected energy consumption is minimized. The algorithm is also extended to cope with periodic real-time
tasks that might have different power consumption characteristics due
to different switching activities, while most previous work focused on
tasks with the same power consumption characteristics. For inter-task
frequency scheduling, we present a linear-programming approach to
derive optimal solutions for frame-based real-time tasks when the execution order is specified, and develop an on-line algorithm for periodic real-time tasks. Experimental results show that the proposed
algorithms can effectively reduce the expected energy consumption.
The rest of this paper is organized as follows: Section 2 provides
system models and a motivational example. Section 3 presents the
algorithm for a single task. Section 4 considers systems with multiple
tasks. Experimental results of the proposed algorithms are presented
in Section 5. Section 6 is the conclusion.

2.
2.1

MODELS AND AN EXAMPLE
System Models

This research explores DVS systems with M frequencies, denoted
by f1 , f2 , . . . , fM , where f1 < f2 < · · · < fM . The power consumption function at frequency fi is P (fi ). Distinct from many pre-
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vious work [10, 11, 13] on processors with continuous frequencies for
the assumption on P (fi ) as fi3 , this research can cope with P (fi ) as
an arbitrary function. When the system is idle, the power consumption of the system is assumed to be a constant α. Without loss of
generality, this paper assumes P (fi ) ≥ α for i = 1, 2, . . . , M . Since
the static power consumption is a constant, the power consumption
function P (fi ) is re-scaled by substituting α for each frequency fi .
The number of CPU cycles executed in a time interval is linear in
the processor frequency. That is,R the number of CPU cycles comt
pleted in time interval (t1 , t2 ] is t12 f (t)dt, where f (t) is the processor
frequency at time t. The energy consumption in (t1 , t2 ] is
R t2
P (f (t))dt. Hence, executing a cycle at frequency fj requires ent1
P (fj )
.
fj

We only have to consider frequencies with

M)
<
< · · · < P (f
, since a schedule would not use a
fM
lower frequency with higher energy consumption [8].

P (f1 )
f1

P (f2 )
f2

2.2 Task Models
Tasks considered in this paper are periodic and independent in execution. A periodic task is an infinite sequence of task instances, referred to as jobs, where each job of a task comes in a regular period.
Each task τi is associated with its period (denoted as pi ) and its computation requirement in CPU cycles in worst cases (denoted as ci ).
The relative deadline of each task τi is equal to its period pi . Given
a task set T, the hyper-period of T, denoted by L, is defined as the
minimum positive L so that L/piPis an integer for any task τi in T.
We only consider task set T with τi ∈T picfiM ≤ 1, since there does
P
not exist any feasible solution when τi ∈T picfiM > 1.
The probability information of computation requirement of task τi
is profiled as a discrete probability density function (discrete PDF)
of execution cycle. For each task τi , the range (0, ci ] is divided into
Ki bins with different sizes. The j-th bin of task τi is associated
with its amount of cycle Xi,j and its probability density ψi (j). That
P
is, the probability for task τi with jk=1 Xi,k cycles is ψi (j). (Traditionally, profiling is done by using the same bin size to determine
the probability. By eliminating the points with 0% probability during
profiling, we can have bins with different sizes to reduce the input
size.) The discrete cumulative
P density function (CDF)
P for task τi to
have cycles no more than jk=1 Xi,k is Ψi (j) = jk=1 ψi (k). By
definition, Ψi (Ki ) = 1. For notational brevity, we define Ψi (0) as
0.
PjTherefore, the probability that the schedule has to execute the†first
k=1 Xi,k cycles of task τi is 1 − Ψi (j − 1), denoted by Ψi (j).
Figure 1 is an example of a task τi with Ki = 3, where Xi,1 = 10,
Xi,2 = 20, and Xi,3 = 30 with ψi (1) = 0.4, ψi (2) = 0.5, and
ψi (3) = 0.1. Figure 1(a) is the discrete PDF, while Figure 1(b) is the
discrete CDF. Hence, in the example, Ψ†i (1) = 1, Ψ†i (2) = 0.6, and
Ψ†i (3) = 0.1.
Tasks might have different power consumption characteristics due
to different switching activities [6]. For task τi , its power consumption function at frequency fj is denoted by Pi (fj ). Similar to the
argument in the last paragraph in Section 2.1, we only consider systems with Pif(f1 1 ) < Pif(f2 2 ) < · · · < Pif(fMM ) for every task τi . For a
set of real-time tasks with probability functions, this research explores
the minimization of expected energy consumption under the specified
timing constraints of real-time tasks.
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Figure 1: An example for the probability functions of workload
information of a task.
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Figure 2: A motivational example for single-task scheduling.

2.3

A Motivational Example

Consider to schedule a single task τi with pi = 80 and probability density function illustrated in Figure 1(a). The system has five
frequencies: 0.2, 0.4, 0.6, 0.8, and 1.0, where P (fj ) = fj3 . By applying the algorithm proposed by Xian and Lu [10] or the algorithm
proposed by Xu et al. [11], the system will first restrict the execution
of the last 30 cycles at frequency 1, and then execute Xi,1 (Xi,2 , respectively) cycles at frequency 0.518 (0.652, respectively) by treating
that the processor has continuous frequencies in the range of [0.2, 1],
as shown in Figure 2(a). The expected energy consumption for such a
10
20
case can be computed as 0.5183 0.518
+ (1 − 0.4)0.6523 0.652
+ (1 −
0.4 − 0.5)30 = 10.785. By applying the research result by Ishihara
and Yasuura [5] to use two adjacent frequencies for execution, Xi,1
will be executed at frequencies 0.4 and 0.6, and Xi,2 will be executed
at frequencies 0.6 and 0.8, as shown in Figure 2(b). The expected energy consumption increases to 11.354. Although the approach works,
it does not derive an optimal solution which minimizes the expected
energy consumption. If we execute both Xi,1 and Xi,2 at frequency
0.6 as shown in Figure 2(c), the frequency assignment has expected
10
20
energy consumption equal to 0.63 0.6
+ (1 − 0.4)0.63 0.6
+ (1 − 0.4 −
0.5)30 = 10.92, which is better than the result in Figure 2(b).
Section 3 will present the derivation of optimal frequency assignments to minimize the expected energy consumption for a single task.
Section 4 will extend the algorithm to systems with multiple tasks.

3.

SINGLE-TASK SCHEDULING

This section provides an algorithm to derive a frequency assignment to minimize the expected energy consumption for a task. For
notational brevity, let τ1 be the task to be scheduled and D1 be its
available time for execution. The proposed algorithm first eliminates
some frequencies that are energy-inefficient, and then iteratively reduces the expected energy consumption by slowing down the execution frequency.
Suppose that there exists a frequency fj with 2 ≤ j ≤ M − 1 and
P (fj−1 )
P1 (fj )
− 1fj−1
fj
1
− f1j
fj−1

>

P (f )
P1 (fj+1 )
− 1fj j
fj+1
1
1
− fj+1
fj

.

That is, executing w cycles at frequency fj is energy-inefficient, since
executing w

1 − 1
fj−1
fj
1 − 1
fj−1
fj+1

cycles at frequency fj+1 and w

1 − 1
fj
fj+1
1 − 1
fj−1
fj+1

cycles at frequency fj−1 consumes less energy with the same execution time [8, Theoream 2]. Hence, the first step is to eliminate
these frequencies. The elimination can be done intuitively in O(K12 ).
Moreover, the remaining frequencies form a convex hull frontier so
that the time complexity can be reduced to O(K1 log K1 ) by applying an efficient convex hull algorithm. Therefore, we can treat that
P1 (fj )
P (fj−1 )
− 1fj−1
fj
1
− f1j
fj−1

≤

P1 (fj+1 )
P (f )
− 1fj j
fj+1
1
1
− fj+1
fj

, ∀2 ≤ j ≤ M − 1 (1)

after the above elimination procedure.
Initially, the frequency assignment executes all the computation of
task τ1 at the highest frequency. Then, slowing down the execution
frequency reduces the expected energy consumption and stretches the

Algorithm 1 : G REEDY
Input: {τ1 , D1 };
P 1 X1,j
1: if K
j=1 f1 ≤ D1 then
2:
execute task τ1 at frequency f1 all the time;
3: eliminate energy-inefficient frequencies so that Equation (1)
holds;
4: ri ← M , for i = 1, 2, . . . , K1 ;
P 1 X1,j
5: θ ← K
j=1 fM ;
6: while θ < D1 do
7:
let j ∗ be the index j with rj > 1 and the greatest
Ψ†1 (j)

P1 (fr −1 )
P1 (fr )
j
− f j
fr
rj −1
j
1
− f1
fr −1
rj
j

if θ + X1,j ∗ ( fr

9:

rj ∗ ← rj ∗

11:

else
x←

j ∗ −1

1
fr ∗

j

f † −fr ∗ −1
j
,
fr ∗ −fr ∗ −1
j

12:

−

) < D1 then
j
PK1 X1,j
− 1, θ ← j=1 fr ;

8:

10:

1

;

X1,j ∗

where f † is

X1,j ∗

;

D1 −θ+ f
rj ∗

j

return the frequency assignment by executing X1,j with
j 6= j ∗ at frequency frj and X1,j ∗ at frequency frj∗ −1
for (1 − x)X1,j ∗ cycles and at frequency frj∗ for x · X1,j ∗
cycles;

worst-case completion time of the task. The basic idea behind the
proposed algorithm is to slow down the execution frequency of some
execution cycles so that the ratio of the reduced expected energy consumption to the increased execution time is the greatest. That is, suppose that X1,j cycles are assigned to be executed at frequency frj ,
where rj = M at initialization. Let j ∗ be the index j with rj > 1 and
the greatest Ψ†1 (j)

P1 (fr −1 )
P1 (fr )
j
j
− f
fr
rj −1
j
1
− f1
fr −1
rj
j

. Reducing the execution fre-

quency of X1,j ∗ from frequency frj∗ to frequency frj∗ −1 would be
the most energy efficient. If the reduction of frequency makes the task
P 1 X1,k
1
∗
violate its timing constraint, i.e., ( K
k=1 fr ) + X1,j ( fr −1 −
k

1

fr ∗
j

) > D1 , only some cycles in X

1,j ∗

j∗

are executed at frequency

frj∗ to satisfy the timing constraint. The detail is shown in Algorithm 1, denoted as Algorithm G REEDY. It is not difficult to see that
τ1 does not miss its deadline even in the worst case.
The example in Section 2.3 is used for demonstrating Algorithm
G REEDY. First, because P (fj ) = fj3 is a convex and increasing
function, there is no energy-inefficient frequency among the 5 frequencies. At initialization, X1,1 , X1,2 , and X1,3 are assigned with
f5 , in which r1 , r2 , and r3 are 5, and θ is set as 60. Since 60 is less
than deadline 80, Algorithm G REEDY enters the loop in Step 6-12
in Algorithm 1. The index j ∗ is 1 in this loop, and, hence, r1 is set
to 4, and θ is updated to 62.5. Because θ is still less than 80, the
algorithm continues the loop, and finds j ∗ as 2. Then, r2 is set to
4 and θ is updated to 67.5. The algorithms continues and finds j ∗
as 1 in the next loop, and sets r1 as 3 and θ as 71.67. In the last
loop, j ∗ is 2, and r2 is set to 3 with θ as 80. Since θ is not less
than deadline D1 , Algorithm G REEDY returns frequency assignment
(0.6, 0.6, 1) for (X1,1 , X1,2 , X1,3 ), which is the frequency assignment in Figure 2(c) for task τ1 .
T HEOREM 1. Algorithm G REEDY derives an optimal frequency
assignment to minimize the expected energy consumption for task τ1
on a processor with discrete frequencies.
P ROOF. The theorem can be proved by showing that any feasible frequency assignment has no less expected energy consumption
than the frequency assignment derived from Algorithm G REEDY. The
proof is omitted due to the space limitation.

4.
4.1

MULTIPLE-TASK SCHEDULING
Intra-Task Scheduling

For intra-task scheduling, we have to determine the amount of time
assigned to each task so that the resulting schedule will not make
any job miss its deadline. It has been studied in the literature, such
as [10, 12], with earliest-deadline-first (EDF) scheduling by setting a
job with the earliest deadline as the highest-priority job. In [12], for
systems
P withc continuous frequencies, each task τi is allocated with
ci /( τj ∈T pjj ) amount of time for its execution. Then, for each job
of τi , the allocated amount of time is used for single-task scheduling.
Algorithm G REEDY is revised into Algorithm M-G REEDY to provide optimal time allocation for intra-task scheduling. For periodic
real-time tasks, EDF is an optimal scheduling algorithm. A task set
can be scheduled without missing deadlines if and only if the system
utilization is no more than 100%, in which the utilization of a task is
defined as its execution time divided by its period.
The idea behind Algorithm M-G REEDY is the same as Algorithm
G REEDY. Initially, the frequency assignment executes all the computation of all the tasks in T at the highest frequency by setting
ri,j = M for τi ∈ T and j = 1, 2, . . . , Ki . Then, slowing down
the execution frequency reduces the expected energy consumption in
the hyper-period and makes the system utilization greater. Similar to
Algorithm G REEDY, we have to slow down the execution frequency
of some execution cycles so that the ratio of the reduced expected energy consumption in the hyper-period L to the increased utilization
is the greatest. Decreasing the execution frequency of Xi,j from freX
X
quency fri,j to frequency fri,j −1 increases p1i ( fr i,j−1 − fri,j ) utii,j

i,j

lization and decreases

Pi (fr
)
L
Ψ† (j)Xi,j ( fr i,j
pi i
i,j

−

Pi (fri,j −1 )
fri,j −1

) amount

of expected energy consumption in the hyper-period. Algorithm MG REEDY greedily slows down the execution frequency of Xi,j with
ri,j > 1 and the greatest Ψ†i (j)(
1
fri,j

Pi (fri,j )
fri,j

−

Pi (fri,j −1 )
fri,j −1

)/( fr

1
i,j −1

−

) until the system utilization is equal to 100% or all the tasks

are executed at the slowest frequency. The detail is shown in Algorithm 2. Algorithm M-G REEDY can derive optimal time allocation
for intra-task scheduling.

4.2

Inter-Task Scheduling

This paper has provided an algorithm for intra-task scheduling to
allocate execute time to tasks in T in Section 4.1. However, if a job
completes earlier than its worst-case estimation, the unused time is
not used to reduce the energy consumption in intra-task scheduling.
Hence, the energy consumption might not be minimized. Inter-task
scheduling is to overcome the issue by reclaiming the unused time
to reduce the expected energy consumption. This paper presents two
methods for inter-task scheduling: One is for frame-based real-time
tasks, in which all the tasks arrive at time 0 and are with the same
period, i.e., pi = L for every task τi in T, while another is for tasks
with different periods.

4.2.1 Frame-Based Real-Time Tasks
This subsection explores tasks arriving at time 0 with the same period L. Suppose that the given tasks in T are indexed so that τi is executed right after τi−1 for i = 2, 3, . . . , |T|. Suppose that we have two
tasks τ1 and τ2 in T, in which X1,1 = 10, X1,2 = 20, X1,3 = 30,
X2,1 = 10, X2,2 = 20, X2,3 = 40, and p1 = p2 = 200. The PDFs
of tasks τ1 and τ2 are ψ1 (1) = 0.5, ψ1 (2) = 0.3, and ψ1 (3) = 0.2,
and ψ2 (1) = 0.2, ψ2 (2) = 0.5, and ψ2 (3) = 0.3, respectively.
The system has five frequencies: 0.2, 0.4, 0.6, 0.8, and 1.0, where
P1 (fj ) = P2 (fj ) = fj3 . By applying Algorithm M-G REEDY, we
would have a frequency assignment shown in Figure 3(a). The expected energy consumption for intra-task scheduling in Figure 3(a) is
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Figure 3: An illustrative example for scheduling 2 tasks
Algorithm 2 : M-G REEDY
Input: T;
P
P i Xi,j
1: if τi ∈T K
j=1 pi f1 ≤ 1 then
2:
execute task τi at frequency f1 all the time for every task τi in
T;
3: eliminate energy-inefficient frequencies;
4: ri,j ← M , for j = 1, 2, . . . , Ki and each task τi ∈ T;
P
P i Xi,j
5: U ← τi ∈T K
j=1 fM ·pi ;
6: while U < 1 do
7:
let (i∗ , j ∗ ) be the index (i, j) with ri,j > 1 and the greatest
Ψ†i (j)
8:
9:
10:
11:
12:

if U +

Pi (fr
Pi (fr
)
−1 )
i,j
− f i,j
fr
ri,j −1
i,j
1
−f 1
fr
ri,j
i,j −1

Xi∗ ,j ∗
pi∗

( fr

1
i∗ ,j ∗ −1

−

;
1
fr ∗ ∗
i ,j

ri∗ ,j ∗ ← ri∗ ,j ∗ − 1, U ←
else
x←

f † −fr ∗ ∗ −1
i ,j
fr ∗ ∗ −fi∗ ,r ∗ −1
i ,j
j

P

) < 1 then
PKi Xi,j

τi ∈T

, where f † is

j=1 pi fri,j

and 1 to determine how much portion of cycles in X1,j of task τ1 is
executed at frequency fm . Similarly, let zj,k,m be a variable between
0 and 1 to determine how much portion of cycles in X2,kPof task τ2
is executed at frequency fm when τ1 is known to execute jℓ=1 X1,ℓ
P
cycles only. When task τ1 completes right after executing jℓ=1 X1,ℓ
cycles, the expected energy consumption is
! K M
j
M
2 X
X
X
X
X1,ℓ
X2,k
P1 (fm )yℓ,m
+
Ψ†2 (k)P2 (fm )zj,k,m
s
sm
m
ℓ=1 m=1
k=1 m=1
under the timing constraint with
! K M
j
M
2 X
X
X
X
X1,ℓ
X2,k
yℓ,m
≤ L.
+
zj,k,m
s
sm
m
m=1
m=1
ℓ=1

;

Xi∗ ,j ∗

X ∗ ∗
pi∗ (1−U )+ f i ,j

;

ri∗ ,j ∗

return the frequency assignment by executing Xi,j with i 6=
i∗ and j 6= j ∗ at frequency fri,j and Xi∗ ,j ∗ at frequency
fri∗ ,j∗ −1 for (1 − x)Xi∗ ,j ∗ cycles and at frequency fri∗ ,j∗
for x · Xi∗ ,j ∗ cycles;

23.96, while X1,1 , X1,2 , X1,3 are executed at frequencies 0.4, 0.6,
and 0.8, respectively.
If we use slack (which is the unused time of a job due to its earlier completion) reclamation, the expected energy consumption is as
follows: If τ1 completes after executing 10 cycles, τ2 can execute in
time interval (25, 200], and the expected energy consumption in such
a case can be computed as 0.42 · 10 + 6.08 = 7.68. If τ1 completes
after executing 30 cycles, τ2 can execute in time interval (58.34, 200],
and the expected energy consumption in such a case can be computed
as 0.42 · 10 + 0.62 · 20 + 8.48 = 17.28. If τ1 completes after executing 60 cycles, τ2 can execute in time interval (95.84, 200], and
the expected energy consumption in such a case can be computed as
0.42 · 10 + 0.62 · 20 + 0.82 · 30 + 16.04 = 44.04. The above values
6.08, 8.48, and 16.04 are obtained by applying Algorithm G REEDY
for τ2 with execution times 175, 141.66, and 104.16, respectively.
Therefore, the expected energy consumption for the task set can be
computed as 7.68 · 0.5 + 17.28 · 0.3 + 44.04 · 0.2 = 17.832.
However, it will be better if more time is allocated to task τ1 . Consider the following frequency assignment: X1,1 is executed at frequency 0.4, 10% of X1,2 is executed at frequency 0.4, 90% of X1,2
is executed at frequency 0.6, and X1,3 is executed at frequency 0.6.
Figure 3(b), Figure 3(c), and Figure 3(d) are the schedules when τ1
completes after executing 10, 30, and 60 cycles of τ1 , respectively.
The expected energy consumption is 15.13, which is better.

k=1

The problem can be formulated as the following linear programming:
”
“P
PK1
PM
X1,ℓ
j
+
minimize
j=1 ψ1 (j) · (
ℓ=1
m=1 P1 (fm )yℓ,m sm
PK2 PM
X2,k
†
k=1
m=1 Ψ2 (k)P2 (fm )zj,k,m sm )
subject to
Pj PM
PK2 PM
X1,ℓ
X2,k
ℓ=1
m=1 yℓ,m sm +
k=1
m=1 zj,k,m sm ≤ L,
∀j = 1, . . . , K1 ,
PM
yj,m = 1, ∀j ≤ K1 ,
m=1
PM
m=1 zj,k,m = 1, ∀j ≤ K1 , k ≤ K2 ,
yj,m ≥ 0, ∀j ≤ K1 , m ≤ M, and
zj,k,m ≥ 0, ∀j ≤ K1 , k ≤ K2 , m ≤ M.
(2)
Then, linear-programming solvers can be used to obtain an optimal frequency assignment for τ1 and τ2 in polynomial time. For the
example in this section, y1,2 = 1, y2,2 = 0.1, y2,3 = 0.9, and
y3,3 = 1, while z1,1,1 = 1, z1,2,2 = 1, z1,3,2 = 0.25, z1,3,3 = 0.75,
z2,1,2 = 1, z2,2,2 = 1, z2,3,3 = 0.9, z2,3,4 = 0.1, z3,1,3 = 1,
z3,2,3 = 1, z3,2,5 = 1, and all the other variables are 0.
The above linear programming can be extended to deal with any arbitrary number of tasks. However, the number of variables
exP
Qgrows
i
ponentially to the number of tasks. For n tasks, M ( n
(
K
j ))
i=1
j=1
variables are needed to describe the linear programming. Therefore,
the time complexity is exponential in the number of tasks. To overcome the issue, we show how to derive approximated solutions.

Approximated solutions . The LP formulation in Equation (2)
has disadvantage on a large number of variables that are not used for
task executions. At the time instant when τi−1 completes, what we
have to do is to determine the frequency assignment of task τi . Suppose that task τi is decided to execute for Di time units. Then, we
use Algorithm G REEDY to determine the execution frequency of task
τi for Di time units. Based on the frequency assignment, we can derive the expected energy consumption by applying slack reclamation
for the rest of tasks. The best Di is determined by applying a binary
search so that the expected energy consumption is minimized.

Linear programming (LP). For clarity, we show the method

Remarks on execution order. The best order for execution can

by using two tasks as examples. Let yj,m be a variable between 0

only be achieved by finding the best order among all the enumer-
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(a) A schedule derived by Algorithm M-G REEDY
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Figure 4: An example for 2 periodic real-time tasks.
ated orders, and, hence, is time-consuming. Here, for frame-based
real-time tasks, we use the same strategy in [11] for task ordering by
sorting tasks τi s according to

PKi

k=1

ψi (k)Xi,k
ci

non-decreasingly.

4.2.2 Periodic Real-Time Tasks with Slack Reclamation
As shown in Section 4.2.1, the execution order of tasks affects the
expected energy consumption. For periodic real-time tasks, a job
might be preempted by another job with earlier deadline during execution. It is much complicated to model the execution of periodic
real-time tasks. The algorithm for periodic real-time tasks adopts Algorithm M-G REEDY to determine the frequency assignment of task
set T. Suppose that task τi is assigned to have execution time ei after
applying Algorithm P
M-G REEDY in the worst cases. By Algorithm
M-G REEDY, either τi ∈T peii < 1 by executing all the tasks at f1
P
or τi ∈T peii = 1. Then, we execute tasks by applying the earliestdeadline-first policy. Once a job completes earlier than its worst-case
estimation, the slack is used to slow down the to-be-executed job.
The slack reclamation scheme in [1, 9] can be adopted to calculate the available slack time that can be used for the to-be-executed
job. Suppose that the EDF scheduler decides to have context switch
at time t to execute a job Ji of task τk because a job finishes its execution at time t or job Ji is the job with the earliest deadline in the ready
queue. The completed execution cycles for job Ji is χi before t. The
total available time to execute job Ji at time t with the satisfaction
of its timing constraint is êi . Then, we apply Algorithm G REEDY by
taking the deadline of Ji as êi for the remaining executions of job Ji .
Since the available execution time êi is longer than the execution time
to execute the remaining ci −χi cycles with the frequency assignment
determined in off-line, we can use the frequency assignment derived
in off-line as the initialized frequency assignment in Step 4 in Algorithm 1. The above method is denoted as Algorithm OM-G REEDY.
Here, we use an example to demonstrate Algorithm OM-G REEDY.
Suppose that there are two tasks τ1 and τ2 in T, in which X1,1 =
10, X1,2 = 10, X1,3 = 10, X2,1 = 20, X2,2 = 30, X2,3 = 20,
p1 = 100, and p2 = 200. The PDFs of τ1 and τ2 are ψ1 (1) = 0.5,
ψ1 (2) = 0.3, and ψ1 (3) = 0.2, and ψ2 (1) = 0.2, ψ2 (2) = 0.5, and
ψ2 (3) = 0.3, respectively. The available frequencies and the power
consumption functions of tasks τ1 and τ2 are the same as those in the
example in Section 4.2.1. By applying Algorithm M-G REEDY, we
would have a frequency assignment to execute both X1,1 and X1,2
at frequency 0.6 and execute X1,3 at frequency 0.8 as shown in Figure 4(a). Suppose that τ1 completes after executing 20 cycles at time
33.3̄. The available slack for task τ2 is 12.5. By applying Algorithm
G REEDY for task τ2 with deadline 12.5 + 108.3̄ = 120.83̄, 75% of
X2,1 will be executed at frequency 0.4, 25% of X2,1 will be executed
at frequency 0.6, X2,2 will be executed at frequency 0.6, and X2,3
will be executed at frequency 0.8. Suppose that τ2 completes after
executing 50 cycles at time 129.16̄. The second instance of task τ1 is
executed by using the frequency assignment derived from Algorithm
G REEDY with deadline 70.83̄. The schedule is shown in Figure 4(b).

5. PERFORMANCE EVALUATIONS
This section provides the simulation setup and presents the simulation results on Intel XScale. There are five frequencies in Intel

Application
mpegplay
madplay
tmndec
toast

Description
MPEG video decoder
MP3 audio decoder
H.263 video decoder
GSM speech encoder

Period
30 ms
30 ms
30 ms
25 ms

Worst-Case Cycle
10.5 × 106
0.899 × 106
12.7 × 106
0.24 × 106

Table 1: Task parameters of multimedia applications
XScale: (0.15, 0.4, 0.6, 0.8, 1)GHz with corresponding power consumption (80, 170, 400, 900, 1600)mW. We assume that the power
consumption of the processor when it is idle is 80mW.
We evaluate both multimedia applications and synthetic real-time
task sets. Four multimedia programs, mpegplay, madplay, tmndec,
and toast are adopted for evaluations, in which their task parameters
are shown in Table 1. All these applications except toast have the
same period. The distributions of their required cycles are obtained
by profiling their off-line traces.
We also perform evaluations for synthetic real-time tasks with normal, uniform, and exponential discrete probability density functions
as suggested in [12, 13]. For a specified amount ci of the worst-case
execution cycle of a task τi , the probability density function for normal distribution is generated by setting the mean as a random variable
in the range of [ c6i , 5c6i ] and the standard deviation as c6i . For exponential distribution, the mean is a random variable in the range of
[ c6i , 5c6i ]. For uniform distribution, the probability density function is
1
. Each synthetic task has 20 bins with the same size. For synthetic
ci
real-time tasks, the power consumption function Pi (fj ) of task τi is
hi · P (fj ), where hi is a random variable in the range of [1, 2].
For single-task systems, we evaluate (1) the method by Xu et al.
[11], denoted by Algorithm S-Rounding, to derive frequency assignments by assuming P (s) = s3 (different from the algorithms in
this paper) and then round to two consecutive frequencies, (2) the
method by Xian and Lu [10], denoted by Algorithm S-Accelerating,
to have an accelerating schedule after rounding to two consecutive
frequencies, and (3) Algorithm G REEDY in Section 3. Both Algorithms S-Rounding and S-Accelerating take O(Ki2 log Ki + Ki M )
time complexity, while Algorithm G REEDY has O(Ki M log(Ki M ))
time complexity. For real-time systems with multiple tasks, we evaluate (1) the method by Yuan and Nahrstedt [12], denoted by Algorithm M-Rounding, (2) the method by Xian and Lu [10], denoted by
Algorithm M-Accelerating, (3) Algorithm M-G REEDY, and (4) Algorithm OM-G REEDY, where the linear programming approach in
Section 4.2.1 is evaluated for frame-based real-time tasks.
The schedule by executing all the tasks with 100% utilization at
(at most) two consecutive frequencies is adopted as the baseline. The
normalized expected energy is the expected energy consumption of
the derived solution divided by that of the baseline schedule. The
normalized energy is the actual energy consumption of the derived
solution divided by that of the baseline schedule.
Figure 5 shows the normalized expected energy for systems with
one task only. For a synthetic task, the worst-case execution cycle
divided by its period is in [0.4, 0.6]. Since multimedia applications
madplay and toast can be executed at the lowest frequency, all the
evaluated methods would execute these two applications at the lowest frequency, and have the same result. Since Algorithm G REEDY is
optimal for such a case, the expected energy consumption derived
by Algorithm G REEDY is no more than the other evaluated algorithms for single-task scheduling. The improvement of algorithm
G REEDY depends on the characteristics of the tasks. As shown in Figure 5, Algorithm G REEDY has about 3% improvement of Algorithm
S-Accelerating on the normalized energy when the probability distribution function is normal distribution or uniform distribution, but the
improvement is marginal for the tmndec application or when the probability density function is exponential distribution. The reason why
the normalized energy is greater than 1 of Algorithms S-Rounding

M-Rounding M-Accelerating M-G REEDY OM-G REEDY

G REEDY
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Figure 5: Experimental results for single-task scheduling.
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Figure 6: Experimental results for frame-based real-time tasks.

and S-Accelerating for the uniform distribution is because the incorrect estimation of power consumption by assuming P (s) = s3 , which
might lead to a frequency assignment that is energy-inefficient for systems with discrete frequencies. As a result, we know that Algorithm
G REEDY has better performance with less time complexity than both
Algorithm S-Rounding and Algorithm S-Accelerating do.
Figure 6 shows the normalized expected energy for frame-based
real-time tasks, in which mpegplay, madplay, and tmndec are considered in the multimedia
P benchmark, and synthetic task sets consist of
2 to 4 tasks with τi ∈T pcii = 0.6 GHz. Algorithms M-Rounding,
M-Accelerating, and M-G REEDY use the intra-task scheduling policy for frequency assignments. Since Algorithm M-G REEDY can derive optimal frequency assignments for the intra-task scheduling policy, Algorithm M-G REEDY, as shown in Figure 6, outperforms Algorithms M-Rounding and M-Accelerating. The reason why the improvement of Algorithm M-G REEDY is marginal in the multimedia
application is because the high computation demand of the task set.
To make the schedule feasible in worst cases, the processor has to
execute more computation at higher frequencies, and, hence, the reduction on energy consumption is marginal. Moreover, applying the
linear programming approach to determine the frequency assignment
can greatly reduce the normalized expected energy consumption by
about 20% to 30%, compared to Algorithm M-G REEDY with much
more time complexity to derive the solution.
Figure 7 shows the normalized energy for periodic real-time tasks,
in which each synthetic task set consists of 20 tasks. Applying Algorithm OM-G REEDY can reduce the normalized energy consumption by about 10% to 20%, compared to Algorithm M-G REEDY. As
shown in Figure 6 and Figure 7, applying inter-task scheduling can
significantly reduce the energy consumption. The proposed algorithms are effective in reducing (expected) energy consumption.

6. CONCLUSION
This paper presents new approaches to minimize the expected energy consumption for real-time tasks with discrete probability density
functions of their workload information when there are only discrete
frequencies available. For intra-task frequency scheduling, we develop an efficient algorithm to derive optimal frequency scheduling
for a single task so that the expected energy consumption is min-
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0.5
0.4

multimedia Exponential
Normal
Uniform
Figure 7: Experimental results for periodic real-time tasks.

imized. For inter-task frequency scheduling, we present a linearprogramming approach to derive optimal solutions for frame-based
real-time tasks, and develop an on-line algorithm for periodic realtime tasks. Experimental results show that the proposed algorithms
can effectively reduce the expected energy consumption. For future
research, we would like to extend the approaches here to systems with
considerations on peripheral devices.
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