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Abstract. An influence network is a graph where each node changes its state
according to a function of the states of its neighbors. We present bounds for the
stabilization time of such networks. We derive a general bound for the classic
“Democrats and Republicans” problem and study different model modifications
and their influence on the way of stabilizing and their stabilization time. Our main
contribution is an exponential lower and upper bound on weighted influence networks. We also investigate influence networks with asymmetric weights and show
an influence network with an exponential cycle length in the stable situation.
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Introduction

“My kid is . . . a brat, a bully, ugly, fat, a loser, out of control, smoking weed.”
“My parents are . . . stupid, overprotective, annoying, idiots, too strict, . . . , cousins!”
Googles autocomplete feature (quotes above) may teach us a thing or two about what
is going on in parent-kid relationships these days. Indeed, when their children become
teenagers, parents around the world are frightened of losing their influence. Instead, the
kids are rather influenced by (and will influence) their peers.
In this paper we want to understand the complexity of influence networks from a computer science perspective. How erratic can the behavior of such a weighted influence
network be? Can even a bit of (bad) influence by the parents have an impact on all the
(good) influence of the peers? Can a social network become unstable in the sense that
the nodes of the network change their opinions often?
As it turns out, having weighted influence changes the behavior of networks quite dramatically. Whereas previous work showed that unweighted influence networks always
stabilize in polynomial time, weighted networks may need exponential time to stabilize. Influence may also be highly asymmetric: If Justin Bieber and Katy Perry declare
that facebook all of a sudden is cool again (yes, facebook currently is uncool, according to Google autocomplete), then quite a few of their combined 100M followers will
agree. On the other hand, if the authors of this paper proclaim that this paper is a super
submission, the impact on the reviewers may be limited. However, our story does not
stop at asymmetric weighted influence: Teenagers might consider their parents a perfect
counter example, i.e., many parents may be shocked to learn that they probably even
have negative influence, that is, their children will try to do exactly the opposite of what
they are told.

Background. Influence networks (INs) are networks whose entities are continuously
influenced by the state of their neighbors. Such networks are widespread in nature and
are of interest in many research areas. Despite their conceptual simplicity and easy to
describe mode of operation, their dynamic behavior is sometimes surprisingly complex,
and is known to be a source of many open and often hard to analyze problems.
In this paper we study a synchronous and generic version of these systems. We assume
a graph G = (V, E) where the nodes are influenced by the states of their neighbors. We
assume binary states and focus on the synchronous setting where all nodes simultaneously update their state on each time step according to the majority of their neighbors.
(Nonetheless, let us mention that all of the findings presented in this paper also apply to the iterative setting, where exactly one node is activated on each time step, and
the schedule is determined by an adversary.) These systems “stabilize” after a certain
amount of time and we are interested in the states to which they converge, and in their
stabilization time within different models. We consider positive and negative influence
as well as weighted influence, where the influence of different neighbors weighs differently. In addition, we investigate asymmetrically weighted INs (where the influence
of v on its neighbor u may be different from that of u on v), which turns out to have
different “stable” states than the INs with symmetric weights.
Related Work. The mechanisms by which people influence each other have been objects of considerable interest in psychology and sociology for a long time, and the roles
of peer pressure, conformity and socialization, as well as persuasion in sales and marketing, were extensively studied [MJ34,Kel58,Car59]. With the appearance of online
social networks, the computer science community too began investigating ties and influences in social networks, cf. [MMG+ 07,LHK10].
Influence networks, based on the concept of nodes being continuously influenced by
their neighbors, are studied in diverse areas, such as mechanical engineering [Koh89],
brain science [RT98], ant colonies [AG92] and the spreading of diseases [KMLA13].
Even more heterogeneous are asymmetrically weighted influence networks, which play
an important role in fields such as metabolic pathways [JTA+ 00], power distribution
networks [WS98] and citations between academic papers [GM79]. A famous application example concerns the classification of the importance of web pages [BP98,Kle99].
A lot of work has been done on analyzing rumor spreading, either structurally or algorithmically, using the random phone call model [FPRU90,KSSV00,SS11,DFF11]. One
may try to predict the most influential nodes which can spread the rumor (in this case
- a product) as widely as possible cf. [KKT05,CYZ10]. In [KOW08] the authors study
a model somewhat closer to ours, which involves competitors on graphs, leading to
nodes with different states. The main difference between these models and ours is that
in the rumor spreading process nodes may change their state at most once during the
execution, once they get infected they stay infected. In contrast, in our model a node
can change its state several times until it reaches a “stable state”, and even after entering
this stable state, it may continue changing its opinion in a cyclic pattern.
In this sense cellular automata [Neu66,Wol02] are closer to our model. One can interpret our synchronous model as a cellular automata on a general graph instead of a grid,
where the rule used to update the state of the nodes is to adopt the majority of the states
of the neighboring nodes.

The same model we study is used to study a dynamic monopoly [Pel96,FLL+ 04,Man12],
abbreviated dynamo. A dynamo is an initial set of vertices in an influence network, all
with the same opinion, such that after a finite number of steps all nodes in the network
share their opinion.
√ The minimum size of a dynamo was studied in [Pel98], where it is
shown that Ω( n) nodes are needed for a monotone dynamo (assuming no node ever
changes back its state) and for 2-round dynamos (where the network stabilizes after exactly 2 rounds). Berger [Ber08] extends these results by proving that a constant number
of nodes may suffice to convert a network of size at least n for arbitrary n. In the current
work we ignore the final opinions of the network, and focus on stabilization time.
Updating rules taking into account the states of ones neighbors and a threshold is wide
spread in biological applications and neural networks, and was studied already during
the 1980’s. Goles and Olivos [GO80] have shown that a synchronous binary influence
network with symmetric weights and a generalized threshold function always leads
to a cycle of length at most 2. This implies that after an influence network has balanced itself, each node has either a fixed opinion or changes its mind every round.
This result was extended by Poljak and Sura [PS83] to a finite number of opinions.
Moreover, Goles and Tchuente [GT83] show that an iterative behavior of a threshold
function with symmetric weights always leads to a fixed point. Sauerwald and Sudholt [SS10] studied the evolution of cuts in a binary influence network model where
nodes may flip sides probabilistically. In comparison, our work may be interpreted as
looking at the deterministic and weighted case of that problem instead. In [FKW13] the
authors proved a lower bound for the stabilization time of unweighted influence networks. They constructed a class of synchronous influence networks with stabilization
time Ω(n2 / log2 n) and proved a worst case stabilization time of Θ(n2 ) for iterative
influence networks.
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Preliminaries

Model. We model an influence network (IN) as a graph G = (V, E, ω, µ0 ). The set of
nodes V is connected by an arbitrary set of edges E. Each edge is assigned a weight
ω(e) ∈ N. We refer to an edge between nodes u and v with weight ω as (u, v, ω). Usually we talk about undirected edges, except in Section 4 (about asymmetric graphs),
where we consider directed edges. In this case u, v, ω stands for an edge from
Pnode u
towards node v with weight ω The weight of a graph G is defined as ω(G) =
ω(e).
e∈E

Each node has an initial opinion (or state) µ0 (v) ∈ {R, B} (graphically interpreted as
the Red and Blue colors respectively). The opinions of the nodes at every time t are also
represented in the same way by a function µt : V 7→ {R, B}.
We define the “red neighborhood” of node v by ΓR,t (v) = {u ∈ Γ (v) | µt (u) = R}
at time t and similarly for the “blue neighborhood” ΓB,t (v). A node changes its opinion on time step t if a weighted majority of its neighbors has a different opinion. One
can consider different actions in case of a tie. We chose the nodes own opinion as a
tie breaker because of two reasons. First it seems to be a natural choice and secondly
one can build an equivalent graph with the same behavior in asymptotic running time
by cloning the graph and connecting each node with its clone and the neighbors of its

clones. More formally the state of a node at time t + 1 is defined as

P
P

R,
if
ω(u, v) >
ω(u, v)



u∈ΓR,t (v)
u∈ΓB,t (v)

P
P
µt+1 (v) = B,
if
ω(u, v) >
ω(u, v)


u∈ΓB,t (v)
u∈ΓR,t (v)


µ (v), otherwise .
t

A synchronous IN develops in rounds. In each round the nodes simultaneously update
their opinion to the weighted majority of their neighbors according to the above rule.
As INs are deterministic, they necessarily enter a cyclic pattern after a certain number
of rounds. We call an IN stable with a cycle of length q if each node changes its opinion
in a cyclic pattern with cycle length k for some k ≤ q. This means that in a stable IN it
is still possible that nodes change their opinions.
Definition 1. An IN G = (V, E, µ0 ) is stable at time t with cycle length q, if for all
vertices v ∈ V : µt+q (v) = µt (v). A fixed state of an IN G is a stable state with cycle
length 1. The stabilization time c of an IN G is the smallest t for which G is stable.
The Classical (Unweighted) Model. The classical model, sometimes also known as
“Democrats and Republicans”, is unweighted, i.e., all the edges of the IN have weight
exactly 1. We hereafter refer to such an IN as an unweighted influence network, or UIN
in short. A known basic fact concerning the dynamical behavior of UIN’s is the following.
Theorem 1 ([GO80]). The cycle length of the stable state of a synchronous unweighted
influence network with symmetric weights is at most 2.
Theorem 2 ([Win08]). An n-node unweighted influence network stabilizes in O(n2 )
time steps.
Using Theorem 1 and Theorem 2, near-tight bounds were recently established in [FKW13]
on the stabilization time of UIN’s.
Theorem 3 ([FKW13]). There is a family of n-node unweighted influence networks
that require Ω(n2 / log2 n) rounds to stabilize.
The proof of the upper bound in Theorem 2 uses a bound argument on the edges. Each
edge (v, u) is substituted by two directed edges hv, ui and hu, vi, with the same weight,
referred to as the outgoing and incoming edges of v, respectively. One can think of these
edges as representing “advice” given between neighbors. The outgoing edge from node
v to node u can be seen as the opinion that node v proposes to its neighbor u and the
incoming edge can be seen as the opinion that node u proposes to v. In each time step
t, each of these directed edges is declared to either “succeed” or “fail”. The outgoing
edge hv, ui succeeds on time step t if the neighbor u accepts the opinion proposed by v
during the round leading from time step t to time step t + 1, namely, µt+1 (u) = µt (v),
and fails otherwise.
The analysis is based on the initial observation that a UIN starts with a certain number
of failed edges f (0) at time step 0, which is naturally bounded by f (0) ≤ 2|E|. It is

shown that as long as the UIN has not stabilized, the number of failed edges f (t) decreases in every round by at least one. Using the same arguments, the upper bound for
a UIN can be restated as 2|E|.
Theorem 4 ([Win08]). An n-node unweighted influence network with edge set E stabilizes in at most 2|E| time steps.
Friends and Fiends. Some online networks allow not only to be connected to one’s
friends but also to one’s fiends (e.g. Epinions, Slashdot). We model such a network by
allowing not only positive but also negative influence between members. Informally,
one can think of a negative link between u and v as u’s tendency to adopt the opinion
opposite to that of v.
The proof given in [Win08] for the upper bound, as well as the lower bound construction used in [FKW13], can be applied to this model. The definition of a “failed edge”
has to be updated to apply also for negative edges. This is done in a straightforward
manner by using the same definition for successful and failed edges in the case of positive ties and by using the opposite definition in case of negative ties. Namely, a negative
outgoing edge hv, ui fails on time step t if u adopts v’s opinion on time step t + 1, and
succeeds otherwise. We get the following results.
Lemma 1. There exists a family of n-node unweighted synchronous influence networks
with stabilization time Ω(n2 / log2 n).
Lemma 2. An n-node unweighted influence network with positive and negative friendship ties stabilizes in O(n2 ) time steps.
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Weighted Graphs

In a social network it seldom happens that all ties have the exact same interpretation.
Considering, for instance, different acquaintance ties between people, one may observe
that usually people listen to their best friends more than to their colleagues. We model
the influence between a pair of nodes by assigning a weight to the corresponding edge.
It is then assumed that a node changes its opinion if the weighted majority of its neighbors have a different opinion. We are interested in the influence of adding weights to
our graph on the stabilization time. We start by proving the following lemma.
Lemma 3. An n-node weighted influence network G stabilizes in min{2ω(G), 2n }
time steps.
Proof. Note that there is a bijective relation between weighted graphs and multigraphs.
A weighted graph can be modeled as a multigraph by replacing each edge e of weight
ω(e) = k by k edges of weight 1 each. Conversely, each multigraph can be modeled as
a weighted graph with weights ω(e) ∈ N by substituting k multiedges by a single edge
of weight k. The transformation does not influence the behavior of the nodes as in both
situations the weight of the influence is not changed. For the multigraph we can apply
Theorem 4 to conclude that the multigraph stabilizes in 2|E| tie steps. As the number
of edges in the multigraph corresponds to the weight ω(G) of the weighted graph, we

conclude that a weighted IN stabilizes in 2ω(G) time. Moreover, this process is deterministic, and the execution enters a cycle once some global state repeats itself. Consequently, since the IN has 2n global states, it must stabilizes in at most 2n time step. t
u
The stabilization time of an IN can not be prolonged arbitrarily by just setting the edge
weights higher. A path network, for example, will stabilize in O(n) rounds no matter
how the edge weights are chosen. It is an intriguing question if the weights do indeed
have an influence on the stabilization time or if there is another mechanism which may
prevent INs from having a higher stabilization time than O(n2 ). As we show in the next
paragraphs, edge weights can significantly increase the stabilization time of INs. We do
this by presenting a family of graphs with stabilization time 2Ω(n)
Lemma 4. There is a family of n-node weighted influence networks with stabilization
time 2Ω(n) .
To provoke as many changes as possible we build a graph consisting of 3 different component types: Two different colored paths of length l and several levels of a structure
to which we refer as transistor lines. The transistor lines consist of 2 different colored
lines of k transistors. The main idea is that the paths, with a suitable initial coloring,
get “discharged” by a lengthy process during which they change their colors node by
node as often as possible, and once a path is completely discharged, it gets recharged
(i.e., reset to the original color pattern) by the transistor above it. In turn, each transistor
in the transistor lines recharges the levels below it. So each level adds another multiplicative factor to the stabilization time. (Let us remark that we have programmed the
construction and simulated the influence propagation process on this graph; the interested reader may find a program and a video tracing the simulation as well as a more
formal definition of the graph at http://www.disco.ethz.ch/members/barkelle/FUN.zip)
Let us now take a closer look how the two paths, illustrated in Figure 1, work.
At round 0 all the nodes in path P 1 are blue and all the nodes in path P 2 are red. The
first nodes of the paths are denoted by F . When they change their color they start a cascade of changes through the path. To achieve this, the weights of the edges between the
path nodes are decreasing from the first to the last node. This ensures that the change
of the first node is cascaded through the path without any influence going the opposite
direction. The summed up influence to change the color of the first node has therefore
also to be higher than the weight of the edge between the first and the second node.
Definition 2. We define our path graph P = (VP , EP ) as an undirected weighted
graph, where VP = {p1 , . . . , pk } and
EP = {(pi , pi+1 , 2k + l − i) | i = 0, 1, . . . , k − 2}.
The levels above the paths consist of two transistor lines. At time 0, line L1 is blue and
L2 is red. Each transistor line is composed of k transistors. The basic function of the
transistor is to change the color in the level below it in a controlled manner. A transistor
(see Figure 2) consists of three nodes: A switch node (Sw), a collector node (Co) and
an emitter node (Em). The idea behind this is to control the color of the transistor by the
switch node. This is done by using the switch node to change the color of the collector
node which in return changes the color of the emitter node. To do so, the switch node

Fig. 1: The path nodes are connected with decreasing weights from the first node (F) to
the last (L) in the path. This induces a cascade of color changes through the path once
the first node changes its opinion. The edge between the last and second-to-last node
has a weight larger than k · 2 where k is the number of transistors in a transistor line.
The cascade of changes is triggered by changing the color of one external node that is
connected to F .

Fig. 2: A transistor on the left consists of the following three nodes:
P switch (Sw),
collector (Co) and an emitter (Em). Its edge weights satisfy 2x >
ω(u, Em)
(u,Em)∈E

and x < y < x + 3. The graph with four nodes on the right will never change their
color, as they share an edge with a higher weight than all the other adjacent edges
combined. With k transistors per line, this weight is set to k · y + 1.

shares an edge with the collector node of weight 3 and the collector node is balanced
in a way that it will only change its color, if the summed up influence from the level
above is the opposite color and the switch node changes to this color. The collector node
shares an edge with the emitter node which is heavier than all the other edges adjacent
to the emitter node combined. This makes sure that the emitter node changes its color
exactly one round after the collector node changed its color, no matter what the color
of the other neighboring nodes are.
The order in which the transistors are activated is level by level, and in each level - transistor by transistor. To make sure that a transistor is only activated when the transistor
in front of it already finished, we add an edge of weight 2 between the emitter node and
the switch node of the next transistor in the transistor line (the switch node of the first
transistor in each line is connected to the last emitter of the opposite colored transistor
line); see Figure 3.

Fig. 3: A level of transistor lines, consisting of k blue and k red transistors. Each switch
is wired to the emitter of the transistor in front of it, so that the transistors get activated
in the order from left to right.

Above the levels we have 4 special nodes, S1 − S4 . These 4 nodes consist of two pairs
of nodes, one (S1 , S2 ) blue and the other (S3 , S4 ) red. Each pair is connected by an
edge which is heavier than all the other edges adjacent to these nodes combined (see
Figure 2). This ensures that these nodes never change their color.
Definition 3. A transistor T = (VT , ET ) is an undirected weighted graph, where
VT = {Sw, Co, Em} and ET = {(Sw, Co, 3), (Co, Em, x)}, where x is dependent
on the level i of the transistor and the length l of the path.
x0 = k · (k · 2 + l) + 2k + 3
xi = k · (xi−1 + 2k + 3) + 3.
Definition 4. A transistor line Lj = (VLj , ELj ) is an undirected weighted graph consisting of k transistors, where
VLj =

k−1
[
i=0

VTi and ELj =

k−1
[

ETi ∪ {(Emi , Swi+1 , 2) | i = 0, 1, . . . , k − 1}.

i=0

Definition 5. A level L = (VL , EL ) is an undirected weighted graph consisting of two
transistor lines L1 , L2 , where VL = VL1 ∪ VL2 and
EL = EL1 ∪ EL2 ∪ {(u, v) | u = Sw ∈ T0 ∈ L1 ∧ v = Em ∈ Tk−1 ∈ L2 }
∪ {(u, v) | u = Sw ∈ T0 ∈ L2 ∧ v = Em ∈ Tk−1 ∈ L1 }.

We now show how the structures and different levels are wired. We start with the two
paths and the first transistor lines. We want the blue path P 1 to turn alternately red and

blue. As the blue transistors have the potential to turn red we connect the emitter of the
first blue transistor with the first node of the blue path with weight w = 2 · k + l. Similarly, we connect the first red transistor with the first node of the red path. In order to
turn them back to their original color we connect the emitter of the second red transistor
to the first node of P 1 and the emitter of the second blue transistor to the first node of
P 2 . We continue this until the first node of P 2 is connected with all the emitters of the
even transistors in L1 and all the emitters of the odd transistors in L2 . To inhibit the
second transistor from changing P 1 back before the first cascade finished we connect
the last node in P 2 with the switch of the second transistor in L2 with a weight w = 2.
So the switch node can only switch if the transistor in front of it and the last node of
the opposite colored path did switch. As P 1 and P 2 have the same length and start at
the same time they will also finish at the same time the cascade and will influence the
second transistors to switch. All these edges are added for the first node F in P 2 and the
last node L in P 2 respectively. Note that with k being odd, there is always a summed
up influence on the first node of the path with value 2k + l. The edges added between
the paths and the first levels are denoted by EP L1 .
The different levels are wired similarly to the first level and the path. The first node of
the path corresponds to the collector nodes of the transistors one level below and the
last node of the path corresponds to the emitter node of the last transistor. We denote
the edges between level Li and level Li+1 as ELLi .
The last level Lr is wired to the special nodes in the following way:
ESLr = {(u, v, xr + 2k + 2) | u = S1 ∧ v ∈ {Coj ∈ L2r }}
∪ {(u, v, xr + 2k + 2) | u = S3 ∧ v ∈ {Coj ∈ L1r }}.

The complete asymmetric IN is a union of all these structures and can be seen with
k = 3 and l = 3 and 2 levels in Figure 4.
Definition 6. Our worst case IN is an undirected weighted graph consisting of 2 paths,
r levels and the 4 special nodes. Formally it is defined as IN = (VIN , EIN ), where
VIN = VP 1 ∪ VP 2 ∪

r
[

VLi ∪ {S1 , S2 , S3 , S4 }

i=1

EIN = EP 1 ∪ EP 2 ∪ EP L1 ∪

r−1
[

ELLi ∪ ESLr

i=1

Stabilization Time. We analyze the stabilization time of the presented graph. Each
time the path is activated it takes l rounds to complete. As the transistors from the first
level are connected to the last nodes of the two paths they only change when all the
nodes in the path changed their color. As a transistor needs 3 rounds to change (switch
→ collector → emitter) and nothing of this happens in parallel, the first level takes
k · (3 + l) rounds. Each additional level adds a factor of k to the stabilization time which

Fig. 4: This is an IN with stabilization time l · k (n−l)/k∗6 with k = 3, l = 5 and r = 2.

leads to the following recursive function for the running time: Ti = k i · (3 + l) + Ti−1 .
Solving the recurrence formula gives
Ti =

(l + 3)(k i+1 − 1)
∈ O(k i ) .
k−1

The running time grows exponentially in the number of levels. Each level consists
of 2k̇ transistors and each transistor consists of 3 nodes. The constant nodes consist of 2 · 2 nodes. The IN consists of n nodes, therefore we can build an IN with
i = n−l−4
6·k levels. Choosing l to be constant and k = 3, we achieve a stabilization time
of Ω(3n/18 ) = Ω(20.088n ).
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Asymmetric Weights

In real life, ties between people do not necessarily have the same weight for both adjacent nodes. Although friendships are often symmetrically perceived concerning how
strong they are, there are a lot of examples where this is not the case. One example is the
student advisor relation. Usually the advisor’s opinion has a larger influence on the student than vice versa, hence the edge between advisor and student has a smaller weight
for the advisor than for the student. This is even more extreme in the case of celebrities:
A famous artist may influence people whom she does not even know, who in return do
not influence her at all. We extend the model to allow asymmetric weights. Note that
the weight can also be 0 on one side, which is then equivalent to a directed edge. Interestingly, in this new model the “stable states” are not that simple anymore, as the cycle
length can be larger than 2. We are interested in the cycle length which can be achieved.
An easy lower bound on it is n. One can think of a circle with edges directed in one
direction. Initially, one node is red and all the others are blue. This red “token” cycles
through the circle with cycle length n. We are interested in how big the cycle length
can get in an IN with asymmetric weights. As asymmetric INs are deterministic too, we
have an upper bound of 2n . We show a family of graphs with a cycle length of 2Ω(n)

Lemma 5. There are families of n-node influence networks with a cycle length 2Ω(n) .
We use the same IN as described in Section 3 as a basis for our construction but substitute most of the symmetric edges by directed edges. The main idea is to have the
same process as the IN in Section 3, except that in the round where the symmetric IN
would stabilize, our IN gets restarted by changing the colors of the special 4 nodes
S1 − S4. This leads to a cycle length for our asymmetric IN that’s twice as long,
as the stabilization time of the previous IN. In order to do so, we add directed edges
from the last emitter of each transistor line and each path to the nodes S1 − S4 with a
weight x that sums up to a weight higher than the edge weight w(S1 , S2 ) = w(S3 , S4 )
but so that each subset of these weights is smaller than w. This will change the special nodes exactly when all the levels have switched. This is achieved by assigning the
edges w(S1 , S2 ) = w(S3 , S4 ) = 3(r + 1) − 1, where r is the number of levels. Note
that as directed edges can be used, we do not need an exponential growth of the weights
anymore which makes the graph simpler.
To build our AIN we change the edges in the IN from Sect. 3 in the following way:
The edges in the path graph are directed from the first node (F ) to the last (L) with
weight 1. The edges between the emitter from the first level and F are directed towards
F and have weight 4. For each transistor the two edges of the switch node with weight
2 are now directed towards the switch node. The edge between the switch node and the
collector node is substituted by a directed edge to the collector node with weight 3. The
edge between a collector and an emitter in the same transistor stays symmetrical but its
weight is now 4. All the edges between collector and emitter nodes from different levels
are substituted by directed edges from the emitter of the higher level to the collector on
the lower level with weight 4. All the edges between the special nodes and the collectors
from level r are now directed towards the collector nodes and have weight 4. The edge
between S1 and S2 (as well as between S3 and S4 ) is symmetric and has an assigned
weight of 3(r + 1) − 1. Additionally we add the previously described special edges.
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