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Abstract. With three-dimensional chip integration, the heat dissipation
per unit area increases rapidly and may result in high on-chip tempera-
tures. Real-time constraints cannot be guaranteed anymore as exceeding
a certain threshold temperature can immediately reduce the systems re-
liability and performance. Dynamic thermal management methods are
promising methods to prevent the system from overheating. However,
when designing modern real-time systems that make use of such thermal
management techniques, the designer has to be aware of their effect on
the maximum possible temperature of the system. This paper proposes
an analytic framework to calculate the worst-case temperature of a sys-
tem with general resource availabilities. The event and resource model
is based on real-time and network calculus so that the method is able to
handle a broad range of uncertainties in terms of task arrivals and avail-
able computational power. In various case studies, the proposed frame-
work is applied to an advanced multimedia system to analyze the impact
of dynamic frequency scaling and thermal-aware scheduling techniques
on the worst-case temperature of an embedded real-time system.

Keywords: Real-Time Systems, Worst-Case Peak Temperature, Ther-
mal Analysis, Thermal Management.

1 Introduction

Three-dimensional stacked multi-processor systems are a promising approach
to keep pace with the ever-increasing demand of computational performance
by reducing the interconnect delay and effective chip footprint. However, the
increase in performance imposes a major rise in heat dissipation per unit area,
which in turn threats the reliability and performance of a system [7].

As modern embedded processors support several operation frequencies and
deep power down (DPD) states for power efficient design, dynamic thermal man-
agement (DTM) based on dynamic voltage/frequency scaling is considered as
a promising technique to prevent the system from overheating. Consequently,
thermal management has been a hot topic in research in recent years includ-
ing thermal-constraint scheduling to maximize the performance [2, 3, 9] or peak
temperature reduction to meet performance constraints [1]. Specifically, in [3],
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the workload is maximized under thermal constraints for discrete DVS speeds
and in [9], a convex optimization technique for temperature-aware frequency as-
signment is proposed. Bansal et al. [1] explore peak temperature reduction by
adopting the on-line algorithm for energy efficiency proposed by Yao et al. [16].

Unfortunately, none of the previous work has studied the effect of general
resource availabilities on the worst-case temperature of a system under all possi-
ble scenarios of task executions, even thought this knowledge is desirable for any
modern real-time system. In [10], a system-level analytic technique has been pro-
posed, which calculates the worst-case temperature of a real-time system. How-
ever, as the work assumes work-conserving systems with full service availability,
the method is not able to analyze DTM techniques. Recently, the method has
already been applied to DTM techniques, in particular leaky bucket shapers [5].

Consequently, we extend the base technique proposed in [10] to general re-
source availability. This enables us to study the effect of dynamic frequency
scaling (DFS) and TDMA scheduling on the worst-case temperature of the sys-
tem. Our framework considers general event arrivals modeled by arrival curves
from real-time and network calculus [6, 12]. An arrival curve constraints an up-
per bound on the workload that might arrive to the system in any time interval.
Similarly, the computational power provided by a processor in any time interval
is also constrained by a service curve set. The contributions of this paper can be
summarized as follows:

– The considered system is formally described by corresponding thermal and
computational models.

– The technique proposed in [10] is extended to general resource availabilities
based on service curves from real-time and network calculus [6, 12].

– We implemented the proposed technique in MPA [14] and used it in vari-
ous experiments to study the effect of DFS and TDMA on the worst-case
temperature of a real-time system.

2 System Model

This section introduces the models to analyze a single computing component for
its worst-case temperature. The model proposed in [10] is extended to consider
general resource availabilities, such as frequency modulation.

2.1 Computational Model

The computational model of a component follows the idea of network and real-
time calculus [6, 12]. Consequently, we suppose that in time interval [s, t), events
with a total workload of R(s, t) time units arrive at processing component. The
arrival curve α upper bounds all possible cumulative workloads:

R(s, t) ≤ α(t− s) ∀s < t (1)
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with α(0) = 0. Suppose that several independent workload functions Rk are
individually bounded by arrival curves αk. In case a component concurrently pro-
cesses multiple workload functions, the accumulated workload can be bounded
as R(s, t) ≤ ∑

∀k αk(t− s) = α(t− s).
A processing component is given W (s, t) time units computing resources in

time interval [s, t). Events that have not yet been completed are queued in
the component’s ready queue while waiting for further resources. The resource
availability W is upper and lower bounded using a service curve

βl(t− s) ≤W (s, t) ≤ βu(t− s) ∀s < t (2)

with βl(0) = βu(0) = 0. The accumulated computing time Q(s, t) describes
the amount of time units that a component is spending to process an incoming
workload of R(s, t) time units. The accumulated computing time Q(s, t) in time
interval [s, t) is

Q(s, t) = inf
s≤u≤t

{W (s, t) −W (s, u) +R(s, u)} (3)

provided that there is no buffered workload in the ready queue at time s [12]. The
upper bound on the accumulated computing time can be determined according
to [13] as

Q(t−Δ, t) ≤ γ(Δ) = min{(α⊗ βu) � βl, βu}, (4)

where (f⊗g)(Δ) = inf0≤λ≤Δ{f(Δ−λ)+g(λ)} and (f�g)(Δ) = supλ≥0{f(Δ+
λ) − g(λ)}.

Because of (3) and (4), the accumulated computing time Q(s, t) for any fixed
s and its upper bound γ(t− s) are monotonically increasing. Consequently, the
operating mode of a component can be expressed by the mode function

S(t) =
dQ(s, t)

dt
∈ [0, 1] (5)

for any s < t. S(t) = 1 and S(t) = 0 denote that the processing component is
fully utilized and idle, respectively.

2.2 Power Model

It is well known that the dynamic power consumption Pdyn growths quadratically
with the supply voltage v and linearly with the operating frequency f :

Pdyn ∝ v2 · f. (6)

For the sake of simplicity, the supply voltage is assumed to be given as fixed
value, so that the model can be applied to DFS without loss of generality. In
addition, we model the temperature dependency of leakage power by means of
a linear approximation [8], i.e. Pleak = φ · T + ψ. With fixed v, the operating
frequency f is proportional to the mode l and the total power consumption can
be derived as

P = φ · T + ρ · l + ψ. (7)
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2.3 Thermal Model

A widely used duality to analyze the heat transfer of a modern VLSI system
is to model the heat flow as current passing through a thermal resistance, to
model the thermal difference as the corresponding voltage, and to model the
heat capacity as an electrical capacity, see [4, 11, 15]. In particular, temperature
will follow a first order linear differential equation of the form

C · dT
dt

= P −G · (T − Tamb) (8)

where C, P , G and Tamb denote the thermal capacity, the generated power, the
thermal conductance and the ambient temperature, respectively. Rewriting (8)
with (7) leads us to

dT
dt

= −g · T + h, with g =
G− φ

C
, h =

ρ · l + ψ +G · Tamb

C
(9)

with time-dependent temperature T . A closed-form solution to the above yields

T (t) = T∞ ·
(
1 − e−g·(t−t0)

)
+ T (t0) · e−g·(t−t0) (10)

where T∞ = h/g is the steady-state temperature in a single mode of slope l.
Throughout this paper, we restrict our analysis to proper thermal models, in

which the following reasonable conditions are satisfied:

– We have g > 0, i.e. G > φ.
– The steady-state temperature is not smaller in a single mode of slope l than

in a single mode of slope l = 0, i.e. we have T∞
l ≥ T∞

l=0 or l ≥ 0.

Moreover, according to the thermal model, the component has the thermal mono-
tonicity property.

Lemma 1. (Monotonicity) Suppose we consider two equal timed sequences of
operation modes in a time interval from s to t. Then, the sequence with higher
temperature at time s leads to a higher component temperature at time t.

Proof. This lemma comes from (10) by taking h as a time-dependent function.
	


2.4 Problem Definition

Now, we can formulate the worst-case peak temperature analysis problem:

Given is the computing model in (3), the power model in (7), the dis-
tributed thermal model in (9). Then, the objective is to determine the
peak temperature T ∗ for any cumulative workload R that complies with
a given sub-additive arrival curve α and any resource availability W
within service curve β.
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3 Thermal Analysis

In this section, we will construct a worst-case accumulated computing time
Q∗(0, t) of the processing component that leads to an upper bound T ∗. The upper
bound T ∗ can later be obtained by simulating the system with this accumulated
computing time Q∗(0, t). As a first prerequisite, we will show in Lemma 2 that
allowing more power later in time (closer to τ) will always increase the temper-
ature T (τ).

Lemma 2. (Shifting) Given is a proper system model according to (7) and (9)
as well as some time instance τ . In addition, we consider two mode functions
S(t) and S(t) defined for t ∈ [0, τ) which are only different in a time interval
[σ, σ+2δ) with σ+2δ < τ . In particular, we have S(t) = l1 for all t ∈ [σ, σ+ δ),
S(t) = l2 for all t ∈ [σ+δ, σ+2δ). S(t) is l1 and l2 for [σ, σ+δ) and [σ+δ, σ+2δ)
respectively, where l1 = l1 −Δ, l2 = l2 +Δ, and 0 ≤ Δ ≤ l1. In other words, we
allow more power at the second time interval of [σ, σ+2δ) while keeping the total
power consumption as the same. Then, if T (0) = T (0), we have T (τ) ≥ T (τ),
i.e. mode function S(τ) results in a higher temperature at time τ when δ is small
enough.

Proof. As the mode functions satisfy S(t) = S(t) for all t ∈ [0, σ) and T (0) =
T (0), we clearly have T (σ) = T (σ). As S(t) = l1 for t ∈ [σ, σ + δ) and S(t) = l2
for t ∈ [σ + δ, σ + 2δ), we find

T (σ + 2δ) = T∞
l=l2 ·

(
1 − e−gδ

)
+ T∞

l=l1 ·
(
1 − e−gδ

) · e−gδ + T (σ) · e−2gδ (11)

Furthermore, as S(t) = l1 for t ∈ [σ, σ + δ) and S(t) = l2 for t ∈ [σ + δ, σ + 2δ),
we find

T (σ + 2δ) = T∞
l=l2

· (1 − e−gδ
)

+ T∞
l=l1

· (1 − e−gδ
) · e−gδ + T (σ) · e−2gδ (12)

Then, for a proper thermal model, we have

T (σ + 2δ) − T (σ + 2δ) =
ρ

G− φ
·Δ · (1 − e−gδ

)2 ≥ 0 (13)

where we used the fact that Δ ≥ 0. With the thermal monotonicity and S(t) =
S(t) for all t ∈ [σ+ 2δ, τ), the condition T (σ+ 2δ) ≥ T (σ+ 2δ) also implies that
T (τ) ≥ T (τ). 	

The next Lemma shows that we obtain a higher temperature at some time τ if
in any interval ending at τ the component has larger accumulated computing
time. This Lemma provides the foundation for the main theorem.

Lemma 3. (Mode Functions Comparison) Given is a proper thermal model as
well as some time instance τ . In addition, we consider two accumulated comput-
ing time functions Q and Q which satisfy

Q(τ −Δ, τ) ≥ Q(τ −Δ, τ) (14)

for all 0 ≤ Δ ≤ τ . Then, if T (0) = T (0) we have T (τ) ≥ T (τ), i.e. mode
function S(τ) results in a higher temperature at time τ .
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Proof. Because of space limitations, only a sketch of the proof is provided. First
note that because of (5), the condition of the Lemma translates equivalently to

∫ τ

τ−Δ

S(t) dt ≥
∫ τ

τ−Δ

S(t) dt. (15)

In other words, in case of Q, the component in any interval ending at τ has
larger accumulated computing time.

Now, we will stepwise transform S(t) into S(t) and in each step, the tem-
perature will not decrease because of Lemma 2. In order to simplify the proof
technicalities, we suppose discrete time, i.e. S(t) and S(t) may change values only
at multiples of δ. In other words, S(t) and S(t) are constant for t ∈ [kδ, (k+1)δ)
for all k ≥ 0. Let us define τ = kmaxδ. We now execute the following algorithm:

1. Determine the smallest 1 ≤ k1 ≤ kmax such that S(τ − k1δ) < S(τ − k1δ).
If there is no such k1, then S(t) = S(t) for all 0 ≤ t ≤ τ and therefore,
T (τ) = T (τ) and the algorithm stops.

2. Determine the smallest k2 with k1 < k2 ≤ kmax such that S(τ − k2δ) �= 0. In
case such a k2 does not exist, it is trivial that T (τ) ≥ T (τ) and the algorithm
stops. Otherwise,
(a) set Δ = min{S(τ − k2δ), S(τ − k1δ) − S(τ − k1δ)},
(b) add Δ to S(t) for t ∈ [τ − k1δ, τ − (k1 − 1)δ),
(c) and subtract Δ from S(t) for t ∈ [τ − k2δ, τ − (k2 − 1)δ).

3. If S(τ − k1δ) < S(τ − k1δ), continue with step 2. Otherwise, go to step 1.

Now, one can simply prove that after each iteration, T (τ) does not decrease until
it reaches T (τ) and therefore, the initial T (τ) was not larger than T (τ). 	

Based on the above Lemma we will show the main result of this section. The
following Theorem provides a constructive method to determine the worst-case
accumulated computing time Q∗ for any processing component whose computa-
tional power is bounded by a service curve set.

Theorem 4. (Worst-case Computing Time) Given is a proper thermal model
according to (7) and (9). The component has the computational model (3) with
the operation modes and power defined in (5) and (7), respectively. Then the
following holds:

– Suppose that the accumulated computing time function Q∗(0, Δ) = γ(τ) −
γ(τ−Δ) for all 0 ≤ Δ ≤ τ leads to temperature T ∗(τ) at time τ . Then T ∗(τ)
is an upper bound on the highest temperature T ∗(τ) ≥ T (τ) for all feasible
workload traces (4) that are bounded by the arrival curve α and service curve
β according to (2) and (3) respectively.

– If in addition T (0) ≤ T∞
l=0 holds in general, where T∞

l is a steady-state
temperature of the operation mode S(t) = l, then for any feasible workload
trace we find T ∗(τ) ≥ T (t) for all 0 ≤ t ≤ τ .

Proof. We apply Theorem 3 to the proof of Theorem 4 of [10]. 	
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Table 1. Parameters of the video conferencing application

Video Audio Network

period 50ms 30ms 30 ms

jitter [20, 90]ms 10ms 10 ms

min. interarrival 1ms 1ms 1ms

execution demand 6ms 3ms 2ms

deadline 50ms 30ms 30 ms

Table 2. Thermal and power parameters of the considered embedded system archi-
tecture

G C φ ρ ψ

0.3 W
K

0.03 J
K

0.1 W
K

14.0 W −25.0 W

Note that the worst-case scenario for the temperature is often completely
different from the conventional critical instance scenario that is used in real-time
analysis in order to determine the worst-case timing behavior. For example, for
periodic tasks with jitter, the worst-case peak temperature scenario is to first
warm up the system with periodic arrivals and then heat up the system with
burst arrivals and jitters.

4 Experimental Analysis

In this section, we analyze the effect of a reduced resource availability on the
worst-case temperature and provide hints on how to design a system which is
schedulable and meets temperature constraints at the same time.

4.1 Experimental Setup

Two different example applications executing on a single-core embedded proces-
sor are considered in this section. The first example consists of a single process
with a period of 200 ms and a execution demand of 50 ms. The second exam-
ple is a multi-processing video-conferencing application, which includes a video
code, an audio code and a network process for communication management.
For illustration purpose, we use a period-jitter-delay model1, with parameters
summarized in Table 1. The system parameters are borrowed from [10] as sum-
marized in Table 2 and in all our experiments, we start simulation with the initial
temperature T (0) = T∞

l=0 = 325.00 K, calculated from the parameters given in
Table 2. The observation time τ is set to 1.0 s in all experiments.

4.2 Dynamic Frequency Scaling

In the first experiment, we study the effect of frequency scaling on the peak
temperature of the system. Figure 1(a) shows several services curves for different
1 See [13] for the detail of all the parameters.
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Fig. 1. Service curves for various resource availabilities
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(b) Video-conferencing system.

Fig. 2. Worst-case temperature as a function of both resource availability and jitter

operation frequencies. The full service curve (β(Δ) = Δ) corresponds to full
operation frequency while the two partially utilized service curves (β(Δ) = 0.67Δ
and β(Δ) = 0.33Δ) correspond to operation frequencies of 67 %, and 33 %,
respectively.

Figures 2(a) and 2(b) outline the worst-case temperature as a function of
resource availability and jitter for the single task application and the video con-
ference application, respectively. For the single process application and a jitter
of 50 ms, a reduction of the operation frequency by 50 % lowers the peak tem-
perature by 4.23 K. Similarly, for a jitter of 300 ms, such a reduction of the
operation frequency lowers the peak temperature by 14.50 K. As the power con-
sumption and the inverse execution time of a process scale linearly with oper-
ation frequency, the steady-state temperature calculated by the average power
consumption of an application is independent of the operation frequency. That
is the reason why lowering the operation frequency has little influence on the
peak temperature for relatively small jitters. As larger jitters cause the length of
the burst to increase, the operation frequency has higher influence on the peak
temperature for large jitters. During the burst, the component is continuously
processing and the temperature increases towards the steady-state temperature
T∞

l of slope l, which in turn depends on the operation frequency.
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(b) Video-conferencing system.

Fig. 3. Worst-case temperature as a function of cycle length and slot to cycle ratio

4.3 Thermal-Aware Scheduling

A widely proposed method for temperature reduction is to place idle service in-
tervals so that only a certain amount of time units are assigned to an application
for computation. This service availability can be described by a TDMA schema,
where the processor is always available for S consecutive time units during every
cycle C. We call C the cycle length and S the slot length. Figure 1(b) outlines
the service curves for a TDMA resource with C = 60 ms and S = 40 ms.

Figures 3(a) and 3(b) outline the worst-case temperature as a function of cycle
length and slot to cycle ratio. In both examples, the maximum jitter is 20 ms.
Both figures show that longer idle intervals do not necessarily lead to a lower
peak temperature, which is due to the buffering effect. In case the resource is
not fully available, workload that arrives during idle intervals is buffered in the
queue and cause the bursty shot later.

5 Conclusion

In this paper, we presented an analytical approach to determine the worst-case
temperature for real-time systems with general resource availability. The accu-
mulated workload arrival from all task invocations is characterized by an arrival
curve, i.e. by an upper bound on the sum of task execution times arriving in any
time interval. Similarly, we model the resource availability by service curves.

By applying the proposed method to various resource availability scenarios,
we could show that frequency modulation is only a viable method for peak
temperature reduction if the system has a large non-determinism. Analogously,
placing idle service intervals does not always result in a lower peak temperature,
as shown in the experiments. Consequently, our analysis methods can be used
by system designer to choose proper resource parameters that reduce the peak
temperature and guarantee real-time constraints.
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