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a b s t r a c t

In the context of Systems Biology, computer simulations of gene regulatory networks provide a powerful
tool to validate hypotheses and to explore possible system behaviors. Nevertheless, modeling a system
poses some challenges of its own: especially the step of model calibration is often difficult due to insuf-
ficient data. For example when considering developmental systems, mostly qualitative data describing
the developmental trajectory is available while common calibration techniques rely on high-resolution
quantitative data.

Focusing on the calibration of differential equation models for developmental systems, this study inves-
tigates different approaches to utilize the available data to overcome these difficulties. More specifically,
the fact that developmental processes are hierarchically organized is exploited to increase convergence
rates of the calibration process as well as to save computation time.

Using a gene regulatory network model for stem cell homeostasis in Arabidopsis thaliana the perfor-
mance of the different investigated approaches is evaluated, documenting considerable gains provided
by the proposed hierarchical approach.

© 2010 Elsevier Ireland Ltd. All rights reserved.

1. Background

Mathematical modeling is one of the key tools assisting
researchers when studying gene regulatory networks; it not only
helps to visualize complex interactions, but in particular allows to
validate hypothesis concerning system structure and dynamics in
silico before actual experiments are carried out (Amonlirdviman
et al., 2005; Bouyer et al., 2008; Geier et al., 2008; Jönsson et al.,
2005; Nakamasu et al., 2009; von Dassow et al., 2000; Yamaguchi
et al., 2007). With regard to developmental systems, a common
question in this context is how stable patterns are established via
the underlying genetic regulatory interactions where pattern refers
to a spatio-temporal gene expression profile (see Fig. 1). As corre-
sponding models, commonly differential equation formalisms are
chosen since they provide the necessary level of detail and can often
be derived from known reactions in a straight forward manner
(Mjolsness et al., 1991; Murray, 2003; Savageau, 1979; Voit, 2000);
furthermore, simulation remains computationally tractable.
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Before such models can be used, model parameters like vari-
ous reaction rates and kinetic constants need to be calibrated using
experimental data. However, data generation for this type of sys-
tems remains difficult even when considering recent advances in
experimental techniques. In an ideal case, detailed quantitative
data concerning both system dimensions time and space would
be available. In practice though, available data concerning interac-
tions (Clark et al., 1997; Fletcher et al., 1999; Kondo et al., 2006;
Müller et al., 2008, 2006) and patterning (Bleckmann and Simon,
2009; Gordon et al., 2007; Laux et al., 1996; Reinhardt et al., 2003)
are usually of qualitative nature, cf. Fig. 1. Due to this fact, well
established methods for parameter inference, e.g., Mendes and Kell
(1998) and Moles et al. (2003), are not applicable and alternative
methods for model calibration are required.

One approach is to analytically solve the differential equa-
tions and thereby calibrate the model behavior with respect to
experimental data consisting of qualitatively defined stable tis-
sue patterns (Koch and Meinhardt, 1994; Murray, 2003; Strogatz,
2000). Since both the spatial component and non-linear interac-
tions often render this approach infeasible already for mid-sized
systems, another strategy is to calibrate model parameters by hand
guided by analytical results for comparable systems (Hohm et al.,
2010; Jönsson et al., 2005; Yamaguchi et al., 2007). Here, simu-
lated tissue patterning is compared visually to experimental data.
Nevertheless, when thinking about testing of various hypothe-
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Fig. 1. Expression patterns of CLAVATA3 (CLV3) and WUSCHEL (WUS) in the shoot apical meristems (SAMs) of (A) Capsella rubella and (B) Arabidopsis thaliana. IM: inflorescence
meristem. FM: floral meristem. Scale = 50 �m (RNA in situ hybridizations provided by Ralf Müller, IMPS, The University of Edinburgh). Note that in vivo, CLV3 expression is
used as a marker for stem cell identity and WUS expression indicates cells belonging to the organizing center (OC).

ses, parameter calibration by hand becomes too laborious. Instead,
automated optimization strategies, especially search heuristics,
can be used in combination with corresponding objective func-
tions quantifying the degree of similarity between model and data
(Hohm and Zitzler, 2007, 2009a,b,c; Raffard et al., 2006; von Dassow
et al., 2000); but even such search algorithms do have difficulties in
finding appropriate parameters due to the model complexity and
the fuzziness of the optimization goal.

In this paper, we aim at improving parameter calibration on
models for developmental systems in order to make more com-
plex models feasible. The idea is to make use of further information
on the developmental trajectory and to translate this informa-
tion into a hierarchical optimization procedure. More specifically,
we propose to exploit the fact that developmental systems run
through a series of intermediate states where each state involves
only parts or loosely connected subsystems of the complete system
in question, e.g., gap genes, pair rule genes, or segment polar-
ity genes in Drosophila development (von Dassow et al., 2000).
Knowledge about these different stages can be used to decompose
the optimization task into a set of subtasks that can be tackled
in a hierarchical fashion: the smallest task involving only a few
model parameters is solved first, afterwards the results are used
to solve the second subtask, and so forth. At each level, further
model parameters are included in the optimization process until
the actual, full model parameter estimation problem is addressed.

In the following, we investigate the hypotheses that such a
decomposition (i) improves the convergence of search heuristics
for parameter optimization and (ii) results in savings in necessary
computational cost (simulations of subsystems are computation-
ally cheaper). As test system, a differential equation model for
maintenance of the patterning in the shoot apical meristem (SAM)
of Arabidopsis thaliana is used (Hohm et al., 2010).

2. Model system background

To evaluate the possible impact of considering information on
the developmental trajectory of a system during the parameter
calibration process of respective models, the proposed techniques
are tested on a partial differential equation model describing
autonomous SAM maintenance in A. thaliana. Model details are
presented in (Hohm et al., 2010) and only a brief review on the
underlying processes is given here.

2.1. System structure

The SAM harbors a stem cell domain (SCD) located at the apical
tip of the meristem (see Fig. 1A) providing the plant with a life-long
supply of undifferentiated cells necessary for aerial growth and the

formation of new organs. Maintenance of the SCD relies on signals
from a set of cells located underneath the SCD in the deeper cell
layers, the organizing center (OC, see Fig. 1B). Communication and
thereby regulation between these two domains consists of a sig-
naling pathway originating from the SCD with its cells secreting
the peptide CLV3 (Brand et al., 2000; Fletcher et al., 1999; Kondo
et al., 2006) that interacts with receptor systems expressed around
the OC (Clark et al., 1997; Jeong et al., 1999; Müller et al., 2008;
Ogawa et al., 2008). This signaling pathway represses expression of
a homeodomain transcription factor WUS in the OC. WUS in turn
acts non-cellautonomously promoting stem cell fate in the meris-
tem tip (Groß-Hardt et al., 2002; Laux et al., 1996; Mayer et al.,
1998), probably via ARABIDOPSIS RESPONSE REGULATOR genes that
are involved in cytokinin signaling (Leibfried et al., 2005). Thereby,
SCD and OC are part of a feedback loop (see Fig. 2A) that is sup-
posed to allow for maintenance of both domains; this feedback loop
is implemented in a differential equation model consisting of the
following five species:

[WUS]: The gene expression level or gene product concentration
of the transcription factor WUS. Since WUS is a marker
for OC cells that remains locally, it replaces OC identity
in this model.

[facX]: A factor inducing WUS expression while staying under
negative feedback control by WUS through active degra-
dation or consumption during WUS expression.

[WUSsig]: A diffusible signaling component transmitting WUS activ-
ity from the OC to the spatially disjunct SCD.

[st]: A continuous variable representing stem cell identity.
[CLV3] :]The gene expression level or gene product concentra-

tion of CLV3, substituting CLAVATA signaling from SCD to
OC. In vivo, CLV3 expression commonly is used as a marker
for stem cell identity but since it is diffusible, here stem
cell identity ([st]) and CLV3 expression are decoupled.

In addition to these five species and their interactions, the spatial
component of the SAM plays a crucial role in order to allow for
the emergence of spatially disjunct domains. In this study a sim-
ple one dimensional system consisting of 10 cells is considered
(see Fig. 2C). It represents a simplified topology compared to the
two dimensional spatial domain proposed in Hohm et al. (2010).
This simplification allows to cut down computational costs con-
siderably while retaining the capabilities of the system to form
both functional domains. Thereby, each of the cells contains the
same regulatory network and cell communication is implemented
by diffusion processes between neighboring cells. The model struc-
ture including the conversion step from model hypothesis to partial
differential equation representation is sketched in Fig. 2.
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Fig. 2. Problem structure containing the assumed gene regulative network underlying stem cell homeostasis in SAMs of A. thaliana (A), the resulting model that is executed
in each cell (B), and the considered one-dimensional spatial domain consisting of 10 cells (C). Explanations of the model equitations shown in (B) can be found in Appendix
A.

2.2. System dynamics

The development of systems like the SAM in A. thaliana can
be decomposed into a series of states these systems run through.
For the SAM, such a decomposition into transient states looks as
follows: the structure of a wild type SAM can be described as pat-
tern consisting of two spatially confined domains, SCD and OC (see
Fig. 1). During SAM de novo assembly, first cells expressing WUS
become visible, thereby indicating formation of an OC. Initiated
by WUS, stem cell identity is initiated documented by the onset
of CLV3 expression (Gordon et al., 2007; Stahl and Simon, 2005).
More specifically, the development of a SAM is decomposed into
the following three stages:

• Emergence of an OC
• Formation of a corresponding SCD. From a modeling perspective

the formation of the SCD can be further decomposed: although
hierarchically structured, SAM regulation includes feedback of
CLV3 on WUS expression, therefore introducing a circular com-
ponent to SAM development. In order to identify suitable model
parameter settings, it is helpful to further disrupt this cycle by
introducing an artificial intermediate step given as next item.

• A stage where the feedback of CLV3 on WUS is ignored.

These three different stages result in the corresponding tar-
get patterns with respect to the model entities [WUS], [st], and
[CLV3] shown in Fig. 3. For the first stage the target pattern cap-
tures the formation of a spatially confined OC at a random location

Fig. 3. Patterning of the SAM used during parameter calibration for different stages
with respect to the species [WUS], [st], and [CLV3] for a one-dimensional system.
Dark hexagons indicate cells showing expression of the respective species during a
certain stage while empty cells show no expression. Note that during stage 2 both OC
and SCD overlap due to the neglected negative feedback of CLV3 on WUS expression
(cells in the dashed rectangle).

in the modeled domain. Emergence of this domain only depends
on a subsystem of the used model encompassing the model enti-
ties {[WUS], [facX]}. The patterning for the second stage, on top of
an OC, captures the emergence of a spatially confined SCD. Since
for the second stage only {[WUS], [facX], [WUSsig], [st]} are con-
sidered and the negative feedback between SCD and OC via CLV3
signaling is neglected, there are no constraints imposed on their
relative arrangement making it most likely that both domains over-
lap: the negative feedback repelling both domains is missing and
the promoting influence of the OC on SCD is strongest at the loca-
tion of the OC. Then, for stage three the steady state patterning
of a wild type meristem is used. In this pattern, both functional
domains from stage two are still present, this time focusing on their
relative arrangement: juxtaposition of both domains and a stable
feedback between both with respect to promoting (WUS signaling)
and inhibiting (CLV3 signaling) influences. For this stage, all entities
need to be considered.

3. Approach

The aim of model calibration is to identify a parameter setting in
the model parameter space that minimizes the deviation between
model output and available data. For the real-valued parameter
space X ⊆ Rn considered for the example system SAM in A. thaliana
such a parameter setting is described by the following expression:

argmin
x ∈ X

f (x), (1)

where f(x) quantifies the model fit by measuring the degree of dis-
similarity between experimental data and model. Identifying such
a parameter setting poses two different questions: (i) How can a
model output be compared to available experimental data to make
best use of the available information, and (ii) what optimization
method can be used to identify such a setting—two aspects that are
covered in the following.

3.1. Optimization model

Investigating developmental processes like growth of a plant,
one observes that they take place in continuous time and involve
changes in expression of a multitude of genes, ultimately responsi-
ble for the observed phenotype. Thereby, expression is pinpointed
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based on concentrations of transcribed RNA or gene products,
again living in a continuous scale. Still, states of such systems
are commonly described involving discretizations: instead of the
developmental trajectory, a certain time point is considered that
often marks an equilibrium state, and concentrations are reduced
to levels like high and low. Here, especially the restriction to a sin-
gle point in time results in a loss of information concerning the
development. Therefore, the calibration approach proposed here is
designed to allow the incorporation of information on the devel-
opmental trajectory in form of a set of different system states that
are considered during the calibration process.

3.1.1. Entity discretization
Since the focus of this study is on the incorporation of addi-

tional information with respect to time, the expression patterns for
considered points in time are represented in a simple form using
qualitative masks p. These masks can be generated for different
entities and for different points in time. In order to reduce contin-
uous concentrations to discrete, qualitative values, thresholding is
used. In case of the example system SAM and the chosen level of
detail it encompasses the five model entities ent ∈ {[WUS], [facX],
[WUSsig], [st], [CLV3]}. This results in patterns pent = {on, off }|T|
(with T being the set of modeled cells of cardinality |T|). Masks psim

ent
deduced from model simulations can then get compared to masks
ptar

ent deduced from experimentally determined expression patterns
by counting differences in gene expression states between the two
on a per entity and cell basis. In case of the example system SAM,
ptar

ent consists of three masks (see Fig. 3), one for each of the entities
[WUS], [st], and [CLV3]. For model calibration these masks are used
to define three difference functions h3

[WUS], h3
[st], and h3

[CLV3] that are
instantiations of the following equation:

hpt
ent(p

sim
ent , ptar

ent) =
∑

psim
ent,i

/= ptar
ent,i

1, for 1 ≤ i ≤ |T |. (2)

Here, pt refers to the point in time the respective mask belongs
to and pt=3 marks the final stable pattern. Using the run index
i, hpt

ent(p
sim
ent , ptar

ent) thereby sums over all cells where the simulated
patterns show a different expression state than the experimen-
tally determined patterns. This functions h then replaces the rather
generic function f in Eq. (1).

3.1.2. Time discretization
Adding further time information might provide useful informa-

tion for the quantification of differences between simulations and
experiments. Here, the fact that developmental processes are often
organized hierarchical and in effect run through a series of known
transient states can be exploited.

As described in Section 2.2, the development of a SAM in A.
thaliana can be decomposed into at least three different stages.
Considering the transient stages and corresponding models (see
Appendix A) in addition to the final system state adds further dif-
ference functions, complementing the difference functions h3

[WUS],

h3
[st], and h3

[CLV3] that already have been introduced: (i) for the first

stage, h1
[WUS] evaluating the fit of an emerging OC, and (ii) for the

second stage, h2
[WUS] and h2

[st] measuring the fit of developing OC
and SCD are added.

The simplest way to incorporate these stages is to always simu-
late all stages simultaneously. While such an approach in principle
should have a maximum of information available in each stage,
simulating all stages during every evaluation of a parameter set-
ting introduces considerable overhead in terms of computation
time. To avoid this overhead, it makes sense to consider the differ-
ent stages in a sequential manner, an approach that is inspired by
strategies for multilevel optimization (Horst et al., 1995; Migdalas

et al., 1997). Thereby, for every evaluation of a parameter setting
only one modeled stage needs to be simulated. In addition, the fact
that stages are ordered in a hierarchical manner can be exploited:
later stages contain the subsystems and thereby already calibrated
parameters from early stages and it could be possible to transfer
further information between the optimization processes for con-
secutive stages, e.g., dependencies between involved parameters
or general information on problem structure. In consequence, the
problem of calibrating the model with respect to the final stage
is decomposed in smaller subproblems, the sum of which could
be easier to optimize than the original problem like in dynamic
programming approaches.

3.2. Optimization method

Repeating the formulation for the task of model calibration
given in Eq. 2, it is defined by identifying a parameter setting
x ∈ X that minimizes the difference between model output psim

ent and
experimentally determined qualitatively defined patterning ptar

ent
for different system entities ent. The match between simulation
and experimental data is quantified by functions hpt

ent . In this con-
text, such a parameter setting is formally described by the following
expression:

argmin
x ∈ X

{hpt
ent(p

sim
ent , ptar

ent)}, (3)

for all considered points in time pt and system entities ent. Here, X ⊆
Rn is the n dimensional model parameter space of real numbers.

For this minimization problem, an evolution strategy is used (for
a short review see Foster (2001)). Evolution strategies belong to
the class of randomized optimization algorithms designed for real-
valued optimization like the parameter spaces X ⊆ Rn considered
for differential equation models in developmental biology.

In short, evolution strategies map principles of Darwinian evo-
lution to form an optimization cycle (see Fig. 4): beginning with an
initial guess on an appropriate search distribution pX on the consid-
ered search space X (here the model parameter space) the search
space is sampled �SO times and the samples xi with 1 ≤ �SO are eval-
uated using an objective or fitness function h (here the function
quantifying the dissimilarity between model output and experi-
mentally determined tissue patterning). Based on their respective
objective or fitness scores, a subset of the �SO so called offspring
vectors is selected to update the search distribution pX. These steps
are then repeated until a certain stopping criterion is met. Stopping
criteria that are commonly used are, e.g., a bound on the number
of objective function evaluations or a fitness threshold which once
exceeded by one of the sample vectors terminates the optimization
process. As search distribution, commonly normal distributions
N(m, s2C) are used, with distribution mean m, a covariance matrix
C, and a scaling factor s.

One of the most successful evolution strategies is the Covariance
Matrix Adaption Evolution Strategy (CMA-ES) designed by Hansen
and Ostermeier (2001). In each iteration of its optimization cycle it
uses information on the selected xi to infer dependencies between
the different dimensions of X. Thereby, it adapts the shape of C. In
addition, the scaling factor s is updated. The offspring are drawn
according to:

xi∼m + sN(0, C). (4)

Both, C and s are updated in such a way that the likelihood of sam-
pling a point x* that is better in terms of the fitness function than
the previously drawn samples is increasing.

The CMA-ES shows a set of invariance properties that in effect
make it a robust optimization method: (i) since the selection of the
�SO offspring during each cycle or generation is done using a rank-
ing of the sampled points xi with respect to h, CMA-ES is invariant to
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Fig. 4. Iterative optimization cycle of the Covariance Matrix Adaption Evolution
Strategy (CMA-ES), documenting the adaption of a sample distribution in order to
increase the probability of sampling a setting solving the considered optimization
task. During this process, first the initial sample distribution is sampled; from the
samples, the best candidates in terms of the objective are selected; using the selected
samples, the search distribution is adapted. These steps form a cycle that is repeated
until a stopping criterion is met. In the figure, the dotted lines are lines representing
equal objective values and the optimum of the sketched problem is located in the
bottom left corner. The dashed lines represent lines of equal probability density to
sample a setting for the considered sample distributions.

order preserving transformations on h; (ii) adaption of C is capable
of inferring rotations with respect to search space axes, resulting in
an invariance to rotations; (iii) adaption of s allows for some invari-
ance to overall scaling of the parameter space, given that initial C
and s are chosen appropriately. In combination, these properties
make CMA-ES a search heuristic that has proven its value in a range
of real valued optimization tasks (Auger and Hansen, 2005; Hohm
and Zitzler, 2007, 2009b; Moles et al., 2003; Quast et al., 2005).

In the described form the CMA-ES is specialized to deal with
optimization tasks where only a single objective is considered. On
the other hand, in the context of model calibration often a set of
objectives has to be considered, e.g., differences between simu-
lated patterning and experimentally determined patterning with
respect to several genes. Therefore, strategies to deal with multiple
objectives need to be considered. In this case, the solution to the
problem stated in Eq. (3) becomes the set:

{x ∈ X|�x′ ∈ X : x′≺- x ∧ x /
 x′}, (5)

where x, x′ are candidate solutions in the parameter space X ⊆ Rn

and ‘
’ denotes the weak Pareto-dominance relation with respect
to the vector valued function h(x). For two vectors x, x′ ∈Rn, x is
said to weakly dominate x′ (x≺- x′) with respect to h(x) = (h1(x), . . .,
hm(x)) iff hi(x) ≤ hi(x′) ∀ i ∈{1, . . ., m}. Thereby, Eq. (5) represents
the set of all optimal solutions or Pareto-set of the multiobjective
optimization problem.

Commonly, there are at least two different approaches to iden-
tify solutions in this set: (i) methods where all objective functions
are aggregated into a single objective, and (ii) methods that con-
sider all objectives simultaneously. With respect to the former
approach, possible aggregations are weighted sum approaches or

Fig. 5. Hypervolume indicator for a minimization problem with two objectives. The
hypervolume for a point p in the objective space is defined by the volume of the
hyper-cube spanned by the point and a reference point. The hypervolume spanned
by the point p1 is shown in gray. During selection, the hypervolume indicator values
IH can be used to build a ranking on different candidate vectors that is a total order
and compliant with the concept of Pareto dominance.

scalarizations like Chebyshev scalarization (Miettinen, 1999). In the
latter case multiple objectives are considered simultaneously by
comparing different candidate solutions using indicators based on
the concept of Pareto dominance (Deb, 2001).

In comparison, approaches explicitly considering all objectives
simultaneously have the advantage that they can identify a set of
solutions contained in the set defined by Eq. (5) while aggregation
approaches tend to show less diversity. Although in principle a sin-
gle fitting parameter setting might be enough to solve the task of
model calibration, a set of settings can provide further information
with respect to, e.g., robustness of the proposed model. In addi-
tion, for a range of different optimization tasks, studies have shown
that considering multiobjective formulations can have a benefi-
cial restructuring effect on the problem landscape, facilitating the
optimization process (Brockhoff et al., 2007; Handl et al., 2008a,b;
Neumann and Wegener, 2006).

Nevertheless, singleobjective approaches have the advantage
that they impose a total order on the parameter space with respect
to the optimization criterion which simplifies selection processes
during optimization. Approaches based on the concept of Pareto
dominance in turn only impose a partial order, introducing possible
ambiguities during optimization. To resolve this matter, state of the
art multiobjective approaches use refinements of the Pareto dom-
inance resolving these ambiguities and establishing a total order,
e.g., refinements like the hypervolume (Zitzler and Thiele, 1998;
Zitzler et al., 2008, 2003). For hypervolume calculation, a reference
point is introduced in the objective space and the quality of a given
candidate solution is evaluated based on the volume enclosed by
the hyper-cube spanned by a candidate solution and the reference
point (see Fig. 5).

To gain flexibility in terms of numbers of considered objectives,
there exists a multiobjective extension of the CMA-ES, the MO-
CMA-ES (Igel et al., 2007): in each generation a set or population
of CMA-ESs is used, with a population size of �MO. To generate a
new population, each of the �MO CMA-ESs of the current popula-
tion generates a single offspring. Instead of a selection just on the
offspring, for each CMA-ES the selection is done on the old CMA-ES
and its offspring. Thereby �MO offspring CMA-ES are generated and
the population of CMA-ESs for the next generation is selected from
the current population and the offspring generated thereof.

3.3. Combining optimization model and optimization method

The proposed optimization model is based on the idea that the
parameter calibration process can be decomposed into a series of
only partly depending optimization steps. An example calibration
run for a one-dimensional SAM model is shown in Fig. 6. Using such
a scheme results in the question how to determine when transitions



Author's personal copy

162 T. Hohm, E. Zitzler / BioSystems 102 (2010) 157–167

Fig. 6. Example calibration run for a one dimensional SAM model. (A) Evolution of the difference measure h during the different calibration stages for the best individual of
each generation. Transitions between subsequent stages tend to result at least in a loss in the number of distinct candidate solutions that had been optimal during a previous
stage, often accompanied by a loss in match between simulated patterns and target patterns for the respective stage. (B) Simulated patterns for different candidate solutions
sampled during the third stage of the calibration process. Resulting patterns are shown for the three model entities [WUS], [stemness], and [CLV3]. Here, filled hexagons
represent cells with a high level of expression of the respective model entity while empty hexagons show low expression. Hexagons marked with a star are cells where the
simulated expression level deviates from the target level.

between different steps should occur. Further on, choosing to use
the MO-CMA-ES for parameter calibration in the form it is described
above, access to additional details on sample distributions resulting
in good candidate solutions is provided. Thereby, a second question
of how to preserve such information during different steps arises.
In the following, these two issues are discussed and some remarks
concerning a suitable representation of the search space in the MO-
CMA-ES are given.

3.3.1. Stage transition
Since pretests showed that for a successful sequential optimiza-

tion it is necessary that the stage change only occurs when a suitable
diversity of sufficiently good parameter settings is accumulated for
a given stage, stage changes occur once at least 50% of the �MO CMA-
ES in the population of the MO-CMA-ES have identified a unique
parameter setting with an optimal fitness of 0 for all considered
criteria in the respective stage.1 This results in two different stop-
ping criteria for the algorithm as it is shown in Algorithm 4 in Igel
et al. (2007):

1. The number of the allowed fitness evaluations is exceeded.
2. The population converges.

In case the algorithm converges in an early stage while fitness eval-
uations are left, it is restarted on the parameter space for the next
stage using the respective objectives.

1 In pretests we first compared variants where a stage transition occurs as soon
as during a stage a single optimal candidate solution is found to a variant where
transitions occur after at least 50% of the considered candidate solutions are opti-
mal. Thereby, it turned out that these 50% most of the time had been copies of each
other. We then extended the 50% requirement by further demanding that the can-
didate solutions need to represent unique parameter settings. During these tests,
the influence of the exact percentage has not been further explored.

3.3.2. Transfer of information on sample distributions
As discussed above, it could be beneficial for the optimization

process to transfer information on problem structure or depen-
dencies of parameters between consecutive stages and the design
of the MO-CMA-ES naturally supports such transfers: on top of a
parameter setting representing the best guess of the heuristic for
the considered optimization task, the user is provided with further
information on the last search distribution N from which the final
parameter setting was sampled. Thereby, the user gets a hand on
information concerning dependencies and conditioning (reflected
by the covariance matrix C) and overall scaling (stored in the scaling
factor s) of the section of the parameter space containing promising
solutions. While the CMA-ES typically is started using the identity
matrix as starting covariance matrix Cnew, in the described scenario
it is possible to replace sub-matrices of Cnew by entries taken from
a covariance matrix generated for an earlier stage Cprev. In addition,
information on scaling can be incorporated as well when compar-
ing the scaling Sprev resulting from optimizing an earlier stage to
the initial scaling Snew: using the quotient (Sprev/Snew)2 as a factor to
scale entries taken from Cprev. In conclusion, for the re-initialization
following a stage transition:

• either only the newly added parameters from the respective stage
are considered and the search distributions for these parameters
are initialized using the default identity matrices;

• or all parameters remain variable but still the new search distri-
butions are initialized using the default;

• or the entries of the covariance matrices referring to parameters
from earlier stages are transferred from the covariance matrices
used during the last cycle of the previous stage;

• or on top of the covariance matrix entries, the scaling factors from
the previous stage are transferred as well.
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Table 1
Overview on computational approaches (top part) that are considered in two variants (bottom part).

base Only the last stage of the developmental process is considered for model calibration.
para All stages of the developmental process are considered in parallel for model calibration.
fix All stages of the developmental process are considered for model calibration but in a sequential manner. Here, no information is

transferred between the different phases of the calibration process and parameters already optimized during earlier stages are
fixed.

new All stages of the developmental process are considered for model calibration but in a sequential manner. Here, no information is
transferred between the different phases of the calibration process and all considered parameters remain free.

adapt – I Another sequential approach that transfers information on the last used covariance matrix C between phases with all considered
parameters remaining free.

adapt – II Another sequential approach that transfers information on the last used covariance matrix C and the scalings s between phases
with all considered parameters remaining free

SO Singleobjective variant where all difference functions h are aggregated to form a single objective value. They are aggregated using
equal weights

MO Multiobjective variant that in case of the baseline approach base and the sequential approaches considers all difference functions
h of the respective stage simultaneously. In case of the parallel approach para, the difference functions of the stages are
aggregated into one objective for each stage, resulting in three simultaneously considered objectives.

3.3.3. Search space representation
In addition to these details on optimization methodology, the

question how the search space X ⊆ Rn is best represented in the
optimization process should be addressed: while the MO-CMA-ES
is designed to handle real-valued spaces, considered model param-
eters like reaction rates, basal expression terms, degradation rates,
kinetic constants as well as diffusion constants tend to live in a log-
arithmic scale within certain intervals marking a feasible region. To
facilitate handling parameters in the evolution strategy, the real-
valued parameter space X is mapped to log-scale and normalized
to [0, 1] before it is handed over to optimization. In case of the
considered SAM model, the parameter space considered during
optimization is X = [0, 1]15 and only during the third stage the full
dimensional parameter space needs to be considered: two of these
fifteen parameters are exclusively used for the third stage. In the
second stage, thirteen parameters are considered, with five of these
newly introduced in comparison to the first stage; resulting in eight
parameters used during the first stage.

4. Results and discussion

In the following, it is investigated how experimental data can be
used in the process of model calibration or model parameter opti-
mization. In this regard hypotheses are tested that the inclusion of
information on intermediate system states can facilitate parameter
optimization for GRN models in developmental biology for which
mostly qualitative data is available. As example system the model
for emergence and maintenance of the SAM in A. thaliana presented
in Hohm et al. (2010) is used.

4.1. Test system

The developmental trajectory of the SAM can be hierarchically
decomposed into three different stages with respect to time

1. Formation of a spatially confined domain of cells expressing the
WUS, the so called OC.

2. Formation of a spatially confined domain of cells taking up stem
cell identity, the SCD.

3. Relative spatially arrangement of the two functional domains.

For each stage there exists a target patterning with respect to the
considered biological entities (see Fig. 3), the emergence of which
is to be reproduced with the model. During the three stages the
following difference functions are taken into account:

Stage 1: h1
WUS measuring the fit of a developing OC;

Stage 2: h2
WUS and h2

st measuring the fit of developing OC and SCD;

Stage 3: h3
WUS , h3

st , and h3
CLV3 measuring the match of developing

OC, SCD, and area under CLV3 influence.

4.2. Test setup

As already described, there is a range of possibilities to consider
information on the developmental trajectory during model cali-
bration: (i) a baseline approach using only the final system state
during model calibration, (ii) an approach that simultaneously con-
siders all three stages, (iii) approaches that consider the stages in a
sequential manner. Here, the sequential approaches are differenti-
ated by the amount of information that is transferred between the
calibration process of subsequent stages:

• only those parameters newly introduced to the model in the
respective stage are optimized and all previously calibrated
parameters remain fixed (fix);

• approaches where in each stage all respective parameters
are optimized but no information transfer takes place (new),
approaches where between stages covariance matrices C of
respective search distributions are transferred (adapt-I);

• approaches where between stages covariance matrices C and
scaling factors s of respective search distributions are transferred
(adapt-II).

Since in all these approaches a set of difference functions needs
to be considered simultaneously at least during certain phases,
two variants of each approach are considered: (i) a singleobjec-
tive variant where all difference functions are summed up to form
an aggregated difference function, and (ii) a variant that considers
all objectives simultaneously using a hypervolume based approach
(see Fig. 5). A list of all approaches is given in Table 1.

The different strategies to include these information are tested
using the MO-CMA-ES as method for parameter optimization with
the parameter settings listed in Table 2. Possible gains are evalu-
ated with respect to convergence of the optimization process and
savings in necessary overall computation time for model simula-
tions. Thereby, for the latter criterion one has to bear in mind that

Table 2
Parameter settings used for the MO-CMA-ES.

Parameter Value

�SO 1
�MO 10
Allowed model simulations 3000
Convergence criterion Accumulation of at least 5 distinct

candidate solutions with optimal
objective values
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Table 3
Overview on computational costs for simulations of different stages. For each stage 50 simulations on the one dimensional 10 cell system for representative parameter
settings have been done and their respective runtime in seconds have been recorded. Presented are the mean computation times and their respective standard deviations
(std) per stage as well as per stage runtime normalized with the number of considered species.

1st stage (2 genes) 2nd stage (4 genes) 3rd stage (5 genes) 1st stage, normalized 2nd stage, normalized 3rd stage, normalized

Mean in s 18.2266 36.5133 45.4424 9.1133 9.1283 9.0885
std in s 0.1539 0.5203 0.4352 0.0770 0.0130 0.0870

the computational cost during parameter estimation stems from
simulation time while the optimization technique itself introduces
only negligible computational overhead. Therefore, when for some
model evaluations instead of the complete modeled system it is
sufficient to simulate only a subsystem, this can result in consider-
able computational savings. In case of the considered SAM model,
computational cost scales linearly with the number of simulated
species (see Table 3)—thereby potentially providing significant sav-
ings when considering that parameter optimization runs on state
of the art computers still run in the order of days.

Results for the different strategies are tested for statistical sig-
nificance, first using the Kruskal–Wallis test (Conover, 1999) at a
significance level of ˛ = 0.05. In these pairwise tests as H0 hypoth-
esis is tested if there is no significant difference in median with
respect to:

convergence: capability to identify a parameter setting showing
no difference between simulated pattern and target pattern
quality: aggregated score reached at the end of an optimization
run,
runtime: used computation time for a run where a simulation
for the first stage produces computational costs c=0.4, the second
stage of c=0.8, and the third stage of c=1.

Thereafter, for all pairs of algorithms the differences are com-
pared using the Conover–Inman procedure (Conover, 1999) with
the same ˛ level as in the Kruskal–Wallis test (see Table 4), resulting
in a ranking of the strategies (see Table 5).

The testing is done on basis of 12 runs for each strategy, allowing
up to 3000 simulations or 300 generations of the MO-CMA-ES using
a population size of �mo = 10.

In addition, for this study we decided to circumvent some of the
computation time necessary for simulations: instead of considering
the two dimensional artificial longitudinal section through the SAM
as spatial domain proposed in Hohm et al. (2010), it is restricted to
a one dimensional system containing 10 cells (see Fig. 3).

4.3. Comparison

With the comparison of the proposed approaches, the two
hypotheses are validated that (i) inclusion of information on tran-
sient tissue patterning improves the overall convergence of model
calibration processes and (ii) that exploiting such information is
capable of reducing the necessary computation time.

4.3.1. Results: convergence properties
Addressing the first hypothesis, the baseline approaches baseSO

and baseMO are compared to strategies where for every parameter
setting that is considered during the calibration process all three
stages are simulated, namely paraSO and paraMO. Indeed, inclusion
of these information improves the convergence of the parameter
optimization process significantly (see Table 4): paraSO shows bet-
ter convergence properties than both, baseSO and baseMO. At the
same time, paraMO, baseSO, and baseMO are indifferent with respect
to convergence.

Including the sequential approaches into the comparison, con-
vergence and quality properties are further improved: adapt – IISO,
adapt – IIMO, and adapt – IMO show significant improvements com-
pared to baseSO, baseMO, and paraMO. This finding probably has to
be attributed to the fact that the dependence between the different
stages during development can be exploited when information on
successful search distributions for the parameter subspaces from
previous stages is transferred to later stages. An idea that is sup-
ported by the fact that the strategies that do not transfer such
information but always start off with a new search distribution
(newSO and newMO) are not significantly better than either paraSO or
paraMO (see Table 4). Although it is beneficial to transfer informa-
tion on search distributions between stages, the early stages seem
to be insufficient to already identify final settings for the involved
parameters that remain fixed during later stages. Respective strate-
gies fixSO and fixMO are both significantly worse than most of the
approaches where parameters remain free.

Thereby, the results support the first hypothesis that inclusion
of information on transient tissue patterning improves the overall
convergence of model the calibration processes.

Table 4
Pairwise comparison results between different strategies to include information on transient stages into the parameter optimization process: For each tested strategy, the
pairwise significance test results are shown with respect to convergence (c), quality (q), and runtime (r). Thereby, the rows show entries in a column whenever the method
depicted in a row shows significantly better performance with respect to one of the performance indicators. Significance testing is done using Kruskal-Wallis tests combined
with the Conover-Inman procedure.

baseSO baseMO paraSO paraMO fixSO fixMO adapt – IISO adapt – IIMO adapt – ISO adapt – IMO newSO newMO

baseSO – – – – – – – – – – – – – – – – – – – – – – – – – – – – – – – – –
baseMO – – – – – – – – – – q – – – – – – – – – – – – – – – – – – – – – –
paraSO – – – c – – – – r cq – cq – – – – – – – c – – – – – – – – – – –
paraMO – – – – – – – – – – q – – – – – – – – – – – – – – – – – – – – – –
fixSO – – r – – r – – – – r – – – – – – – – – – – – – – – – – – – – – –
fixMO – – r – – r – – – – r – – – – – – – – – – – – – – – – – – – – – –
adapt – IISO – qr – qr – – r – qr cqr cqr – – – c – r – – – – – – – – –
adapt – IIMO – qr cqr – – r cqr cqr cqr – – – cqr – – – – – – – – –
adapt – ISO – – r – – r – – r – – r – q – – – – – – – – – – – – – – – – – – –
adapt – IMO cqr cqr cqr cqr cqr cqr – – – – – – cqr – – – – q –
newSO cqr – – r – – r – – r cq – cq – – – – – – – – – – – – – – – –
newIIMO cqr – – r – – r – – r cq – c – r – – – – – – – – – – – – – – – –
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Table 5
Ranking on significance results of the different strategies to include information on transient stages into the parameter optimization process. For each of the tested strategies
and all three performance indicators, convergence (c), quality (q), and runtime (r), the number of strategies significantly besting the respective strategy (−) as well as the
number of strategies significantly bested by the respective strategy (+) are given as pair ‘−/+’.

baseSO baseMO paraSO paraMO FixSO FixMO adapt – IISO adapt – IIMO adapt – ISO adapt – IMO newSO newMO

c 6/0 3/0 0/5 2/0 6/0 6/0 0/4 0/6 4/0 0/8 1/3 1/3
q 6/0 3/1 0/3 3/1 9/0 5/0 0/5 0/6 2/1 0/7 0/5 1/2
r 8/0 8/0 6/1 9/0 3/3 4/0 0/7 0/7 3/4 0/7 0/4 0/5

4.3.2. Results: computational cost
With respect to the second hypothesis that exploitation of infor-

mation on transient tissue patterning is capable of reducing the
necessary computation time, again first the baseline approaches
baseSO and baseMO are compared to the parallel approaches paraSO
and paraMO. While the parallel approaches have access to a max-
imum of information, simulating always every stage introduces
considerable additional computational cost. In case of the SAM
model where for the first stage two species, for the second stage
four species, and for the final stage 5 species are considered, this
amount to 2.2 times the computational effort.

Nevertheless, in terms of runtime the four strategies are indis-
tinguishable despite the extra in computational cost (see Table 4).
This can be explained by the slightly better convergence properties
of the latter two approaches (even when not significant in case of
paraMO): some of the runs converge already quite fast using much
less computation time than the baseline approaches.

Considering the sequential approaches as well, all of these pro-
vide a significant improvement in necessary computation time
when compared to baseSO, baseMO, paraSO, and paraMO (see Table 4).
Thereby, the second hypothesis is validated.

Only the influence of using multiobjective variants compared
to singleobjective variants is less clear: apart from the variants
where all stages are considered simultaneously, the multiobjective
approaches are superior to the singleobjective ones (see Table 5).
Since a pre-study has shown that diversity in the found parameter
setting is crucial for a successful optimization process, this can be
explained with the fact that multiobjective approaches in general
support diversity while even set based singleobjective approaches
tend to show less diversity. Still, in case of para and new, the sin-
gleobjective variants seem to be superior. A possible explanation
for this finding might be that in these cases the multiobjective
approach in combination with discrete fitness functions introduce
ambiguities that can not be resolved using the hypervolume and in
consequence obscure the optimization process.

5. Conclusions

In this study we addressed the problem of model calibration
for differential equation models in the area of developmental biol-
ogy. In this domain, researchers are interested in understanding the
emergence of patterns with respect to gene expression profiles in
considered tissues. The calibration of such time and space depen-
dent models is difficult due to the usually non-linear dependences
between model entities as well as due to the fact that it is diffi-
cult to acquire high-resolution quantitative data concerning these
systems; instead, usually only qualitative data is available.

To aid the process of model calibration we therefore proposed a
method to increase the degree of utilization of domain knowledge:
instead of only considering the final system state of the develop-
mental trajectory during calibration, a scheme is designed that in
addition allows to include information on transient system states.
Using a model for stem cell homeostasis in A. thaliana as test sys-
tem, it turned out that the enhanced use of the available data boosts
the success rate of the calibration process. Especially, considering
the different transient states in a sequential manner during the

calibration process not only positively influences the convergence
rate but has a beneficial impact on the necessary computation time
by allowing to consider only subsystems during early stages and
providing synergies between the different stages.

The proposed approach thereby makes use of a hierarchi-
cal decomposition of both, the developmental trajectory and the
underlying regulative system. In difference to other hierarchical
approaches, not just in the field of computational biology but as well
in most engineering applications, here the decomposition of the
target system is not supposed to happen in an automated way but
is explicitly designed to provide a convenient way to include usu-
ally available domain knowledge in the calibration process. Such
an approach is especially well suited for developmental systems
since they are inherently hierarchically structured and knowledge
on both, the developmental trajectory and involved system com-
ponents is commonly available.

Still, a similar approach provides a promising route to tackle
optimizations tasks in different areas, e.g., engineering design: alike
developmental systems, systems designed by humans tend to con-
sist of modules the interactions between which are known but due
to their often non-linear nature hard to predict. Thereby, such sys-
tems provide a starting position comparable to the one found in
developmental systems.
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Appendix A. Models for different stages and details for
numerical simulations

For the approach to model calibration including information on
the developmental trajectory of the respective system, the model
for stem cell homeostasis in the SAM of A. thaliana presented in
Hohm et al. (2010) is decomposed into models for different stages
of its development. Before the newly introduced models for ear-
lier developmental stages are presented, first the full model is
repeated:

∂[WUS]
∂t

= Ds�[WUS] + ��anc
[WUS]2[facX]

1 + [CLV3]3
− �WUS[WUS] + �WUS,

(A.1)

∂[facX]
∂t

= Dq�[facX] − ��anc
[WUS]2[facX]

1 + [CLV3]3
+ �facX

1 + [facX]/KfacX
,

(A.2)

∂[WUSsig]
∂t

= Dq�[WUSsig] + �WUSsig
[WUS] − �WUSsig

[WUSsig],

(A.3)

∂[st]
∂t

= Ds�[st] + 1id(i)�st
[WUSsig]/Kst

1 + ([WUSsig]/Kst)
5

− �st[st], (A.4)

∂[CLV3]
∂t

= Dq�[CLV3] + �CLV3[st] − �CLV3[CLV3]. (A.5)
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Table A.1
Feasibility ranges used for different model parameters during optimization.

Parameter

D � � � K

Range [0.0001, 0.5] [0.01, 1.5] [0.0001, 0.1] [0.0001, 0.01 [0.001, 1]

Here, the Dq and Ds are diffusion constants which are assumed to
be similar for the quickly diffusing components ([facX], [WUSsig],
and [CLV3]) and for the local components ([WUS] and [st]) that still
underly some weak leakage diffusion. The �i with i ∈{anc, WUSsig,
st, CLV3} are reaction rates that are equal in all cells with one
exception being �anc, the so called anchoring distribution that is
necessary in the model to compensate for missing structural infor-
mation guiding exact positioning of the functional domains active
in the meristem. �i with i ∈{WUS, WUSsig, st, CLV3} are degradation
rates, �WUS and �facX are terms representing basal expression, 1id is
a characteristic function determining stem cell competent layers,
and � ∈[− 0.025, 0.025] is a random perturbation necessary to initi-
ate pattern formation. An overview on feasibility intervals used for
the different types of parameters is given in Table A.1.

1id(i) =
{

1, if cell i ∈ {L1, L2}
0, else

(A.6)

During the first stage of SAM development, only the so called OC
is formed. To initiate this domain of WUS expressing cells only the
model entities [WUS] and [facX] need to be considered resulting in
a reduced model given by the following equations:

∂[WUS]
∂t

= Ds�[WUS] + ��anc[WUS]2[facX] − �WUS[WUS] + �WUS,

(A.7)

∂[facX]
∂t

= Dq�[facX] − ��anc[WUS]2[facX] + �facX

1 + [facX]/KfacX
.

(A.8)

Moving on to the second developmental stage, the model of stage
one is extended by components modeling the formation of a SCD,
yet leaving out the feedback from SCD to the OC. The model for
stage two is given be the following equations:

Moving on to the second developmental stage, the model of
stage one is extended by components modeling the formation of
a SCD, yet leaving out the feedback from SCD to the OC. The model
for stage two is given be the following equations:

∂[WUS]
∂t

= Ds�[WUS] + ��anc[WUS]2[facX] − �WUS[WUS] + �WUS,

(A.9)

∂[facX]
∂t

= Dq�[facX] − ��anc[WUS]2[facX] + �facX

1 + [fzcX]/KfacX
,

(A.10)

∂[WUSsig]
∂t

= Dq�[WUSsig] + �WUSsig
[WUS] − �WUSsig

[WUSsig],

(A.11)

∂[st]
∂t

= Ds�[st] + 1id(i)�st
([WUSsig]/Kst)

5

1 + ([WUSsig]/Kst)
5

− �st[st]. (A.12)

The SAM simulations are done using numerical integration of
the respective systems. For the integration an implicit/explicit
scheme based on a modified Crank-Nicolson integrator combined
with an Adams-Bashford scheme (Ruuth, 1995) is used. As spa-
tial discretization for the Crank-Nicolson scheme a grid of cellular
resolution is used and time is discretized using a constant time

steps ıt = 0.5 of dimensionless time. Each simulation encompasses
120,000 time steps.
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