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Abstract

Positioning a transmitter via measured times of arrival
(TOAs), or range measurements, is a familiar technique
that has received much attention in the literature. In the
traditional geometric interpretation, TOAs generate circles
whose intersections provide the estimate of the transmitter.
In this paper, a new geometrical interpretation is presented
in which straight lines of position (LOPs), rather than the
circular LOPs, are used to determine the position of the
transmitter. The straight LOPs come from a simple obser-
vation regarding the geometry of the system and are not ob-
tained from linearization. Two methods using the straight
LOPs are given and their performance is analyzed and com-
pared to methods which employ linearization.

1. Introduction

The problem of positioning a mobile transmitter based
on measurements of one or more parameters from a trans-
mitted signal has been of interest for some time. Common
parameters that are measured to determine a location fix are
time parameters, namely, time of arrival (TOA) and time
difference of arrival (TDOA). These two methods are also
known as ranging or range-differencing since the time mea-
surements are directly related to ranges (or distances) by
the propagation speed of the medium through which the
signal travels. For free space, the propagation speed is
c=3x 10% m/s.

Interest in wireless location has been bolstered by the
FCC requirements that cellular, PCS, and SMR licensees
provide location of mobile stations (MS) for Emergency-
911 (E-911) services [2]. While much attention is being
given to developing handsets with location technology built
into them (e.g., GPS), wireless providers must also provide
location services to users with current handsets which have
no location functionality. Recently, several papers have
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been published giving attention to methods of location in
time-division multiple access (TDMA) systems, especially
GSM. Because TDMA systems require a method for main-
taining time-slot synchronization of the MS transmissions
at the receiving base station (BS), the TOA method is one
of the possibilities on which to base a location system. The
synchronization method known as timing advance (TA) has
been discussed in several papers regarding location in GSM
[3,7, 5]

Two approaches can be found in the literature for pro-
ducing a location estimate from parameter measurements,
such as TOA and TDOA: geometrical and statistical. The
first is based on the inherent geometrical relationship be-
tween the sensor locations and the TOA or TDOA mea-
surements. For TOA, the method of interest in this paper,
each range measurement made at a sensor produces a Cir-
cle centered at that sensor on which the transmitter must
lie. Using the circles produces by range measurements at
other sensors, the position of the transmitter can be found
at the intersection of circles in two-dimensions or spheres
in three dimensions. Due to the nonlinearity of the circular
lines of position (LOPs), at least one more sensor is needed
than the number of dimensions in which the transmitter is
to be located. For simplicity, the focus of the remainder of
this paper will be on the two dimensional case. The tradi-
tional geometrical approach for computing the position of
the transmitter is to solve for the intersection of the circu-
lar lines of position. This can be a cumbersome task and
often does not take into account more than the minimum
number of sensors required to make a position fix in two

dimensions. Also, when errors are introduced into the mea-

surements, the LOPs do not intersect at a point. This has
lead to more statistically justifiable methods, such as least
squares (LS) algorithms [4, 8, 9].

When approaching location estimation through the geo-
metric point of view, solving this set of equations is a cum-
bersome task which can be made simpler through a differ-
ent interpretation of the location geometry. It was shown
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previously that the LOPs for a TDOA system need not be
hyperbolic, and an alternative geometry which placed the
MS’s position at the intersection of linear LOPs was de-
rived [6]. In this paper, we show that the LOPs for TOA
location also need not be circles, but can be represented in
a new geometry as linear LOPs. This has the advantage of
simpler computation of location. It also aliows the straight-
forward application of linear statistical location techniques,
rather than previous methods which linearize the system or
apply nonlinear methods. The new approach to the geom-
etry can aid location systems in TDMA cellular networks,
for instance, by allowing them to employ the more simple
linear LOPs into their location algorithms.

This paper is organized as follows. Section 2 presents an
alternative the the traditional view of the geometry of a TOA
location system. Based on this view, Section 3 develops two
simple algorithms for location. Results of simulation and
analysis are presented in Section 4, followed by conclusions
in Section 5.

2 New Geometrical Formulation

As indicated above, the TOA location method measures
the range between each sensor and the transmitter which is
to be located. This range between the i** sensor and the
source can be expressed as

D; = |z -z )
= V(@i —z:)2 + (i —ys)? @

where x; is the position of the ith sensor, z is the posi-
tion of the source transmitter, and [|z|| denotes the norm of
the vector . The relationship between the ranges for three
sensors, their location, and the position of the source are
shown in Fig. 1 in two dimensions where the circular LOPs
are shown with solid lines.

A new approach to TOA location is based on observa-
tions of Fig. 1 [1). As can be seen from the figure, each
circular LOP intersects with another circular LOP at two
points. This is the reason that three sensors must be used
for location in two dimensions, i.e., to resolve the ambi-
guity of position. These two points can be used to gener-
ate another LOP that is linear and passes through those two
points. Since there are three circles, we can uses six points
to generate three lines (3 of the points are redundant, giv-
ing 4 unique points). In Fig. 1, only two lines (dashed) are
shown and it can be easily seen where the third line would
lie. As indicated in the figure, the new linear LOPs also
intersect at the location of the transmitter.

To determine the equations for the new linear LOPs, we
must start with the original circular LOP equations, given
in equation (2), for ¢ = 1,2, 3. Consider the sensors at ;
and x;. The line which passes through the intersection of
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Figure 1. Geometry of TOA-based location
showing circular LOPs and linear LOPs.

the two circular LOPs for those two sensors can be found
by squaring and differencing the ranges in (2) fori = 1,2,
which results in

(e=z1)ze+Ga—v1)s = 5 (Il = ol + DF - D)
)]

for the new LOP. Following the same procedure for i = 2,3
yields the line

(las)® — ll2))® + DF — D3)
®

(z3—22)zs+(ys—y2)ys =

D =

for sensors at x5 and 3.

A similar linear LOP can be generated for sensors 1 and
3; however, it can be easily shown that the third LOP from
this set of three sensors is not independent from the other
two LOPs. The reason is that the third line can be generated
by simply adding the two equations above, which eliminates
all terms involving sensor 2, leaving an equation identical to
(3), but with =2 and D, replaced with =3 and D3, respec-
tively. It is easy to show that the line generated by adding
the two equations above is the same that would be produced
by the squaring and differencing procedure above. Thus,
while it is possible to obtain three linear LOPs, only two
are independent, and as it turns out, the third will always
intersect the other two LOPs at the same point that they in-
tersect each other, even if there are errors in the measured
TOAs. Based on this fact, a location algorithm based on the
intersecting linear LOPs only requires two of the possible
three LOPs that could be generated.

Given the two linear LOPs above, the location of the
source can be obtained by solving (3) and (4) for y,, equat-
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Figure 2. The relation of lines to the circles
when there is no intersection of the circles.

ing those results, and solving for z; which produces

(y2 — 1) Cs — (y3 — 42) C1

= (s — 2 — 1) — (@2 — o) ws — )]
where
G = (el ~l=ml?+Di-D)  ©
Cs = = (las|®— |eal®+DZ—D3) . (N

2
Substituting this result into either (3) or (4) and solving for
Ys gives

(2 ~21) C3 — (x5 —22) C1
(y3 — y2)(22 — 21) = (v2 — ¥1)(z3 — 22)]

Ys = (8)
[

One consideration that must be accounted for is the pos-
sibility that two of the circular LOPs will not intersect one
another due to measurement errors in the TOAs. Two possi-
bilities in this regard are illustrated in Fig. 2. In both cases,
it is still possible to generate linear LOPs from the circular
LOPs using the equations in (3) or (4). Even though there
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+ is not intersection of the circles, a straight line is still pro-

duced. Note that the lines in Fig. 1 are perpendicular to the
baseline connecting the two sensors whose circular LOPs
intersect. As a result, it is also parallel to the tangents of
the two circular LOPs at the point where the baseline in-
tersects the circles. In keeping with this, the linear LOPs
that are produced from the non-intersecting circular LOPs
are also perpendicular to the baseline connecting the two
sensors and hence parallel to tangents of the two circles at
the points where the baseline intersects the circles. As men-
tioned previously, even when the TOAs contain measure-
ment errors and two or more circular LOPs do not intersect,
all three of the LOPs that can be generated intersect at the
same point and the third LOP can be generated from the
other two. Two final notes are of interest. First, three sen-
sors are still the minimum required to locate a source in two
dimensions using this approach. Secondly, the equations re-
quire that no baselines connecting the sensors be horizontal
or vertical. If this is the case, a simple rotation of the coor-
dinate system can be used and rotated back after a solution
is obtained.

. 3. Algorithms

The previous section developed the new “location geom-
etry” for locating a sensor in two dimensions with three sen-
sors. In practice, we would like to use the method when
there are more than the minimum number (i.e., greater than
three sensors in two dimensions) and when there are mea-
surement errors in the TOAs. As discussed in the intro-
duction, two approaches to algorithm development can be
taken: determining location by solving for the intersection
of LOPs or statistical approaches. In the following, both an
intersection (geometry based) solution and a least squares
(LS) solution are discussed.

3.1. Intersection of LOPs

A simple approach to location using the linear LOPs was
developed in Section 2 for three sensors. Calculating the
intersection of the linear LOPs produced the location esti-
mate. For more than three receivers in the presence of rang-
ing error, many more linear LOPs can be produced which
do not all intersect at the same point, as they did with three
sensors. For instance, with four sensors a total of 12 lin-
ear LOPs can be produced from the intersections of the four
circles. For each set of three circles (four total) three lin-
ear LOPs can be produced all of which intersect at the same
point. Hence, at least 4 lines are redundant (for intersection
purposes) and can be ignored. Of the remaining eight, five
more can be ignored since the remaining three (or combi-
nations of them) can produce the other five. Thus, for four
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sensors only three lines are necessary to compute three in-
tersections.

To understand where these numbers come from, con-
sider sensors ¢ = 1,2, 3,4. Four sets of three sensors can
be obtained as follows: (1,2,3), (1,2,4), (1,3,4) and (2,3,4).
Each of these sets can produce three lines, one of which
is redundant, and a single point of intersection. When all
lines are considered together, the number of intersections
is much higher as discussed below. Let (¢,j) denote the
line produced by the intersection of the circular LOPs of
sensors ¢ and j. Then, (1,2)+(1,3) yields (2,3), (1,2)+(1,4)
yields (2,4), (1,3)+(1,4) yields (3,4), and (2,3)+(2,4) yields
(3,4). We will refer to lines that can be formed from a base
set of lines as redundan:. Of the eight remaining lines,
(1,2), (1,3), and (1,4) each occur twice, which eliminates
three more. Also, (2,4) and (2,3) are redundant in that
they can be produced by (1,2)+(1,4) and (1,2)+(1,3), respec-
tively. The remaining three lines, (1,2), (1,3), and (1,4), are
non-redundant and can produce all of the original 12 lines.
These three lines can be used to compute either the original
four points of intersection of each of the original four sets
or just the three unique points of intersection of those three
lines. From those intersections, the location estimate can be
computed by either finding the mean of those points, or the
centroid of the triangle formed by those three points.

This approach can be generalized for NV total sensors
where non-redundant N — 1 lines can be used to produce
all of the original C(N, 3) x 3 lines from the intersections
of the N circles, where C(n,m) = n!/m!(n — ml). The
N — 1 linear LOPs could be described, for instance, by the
lines (1,2),(1,3),...,(1,N—1) and (1, N). These N -1
linear LOPs could then be used to compute the intersections
points of the C'(IV, 3) original sets of lines (formed by com-
bining three sensors into a set). Alternatively, all of the in-
tersections of the N — 1 non-redundant lines could be used
to compute (N — 1)(N — 2)/2 intersection points of those
lines. As in the example above, the location of the source
could be found from the mean of the intersection points or
the centroid of a polygon formed by those points.

Obviously, the more sensors that are used, the more com-
plicated can be the solution using intersecting LOPs.

3.2. Least Squares (LS)

An alternative approach to the solution of geometric
equations is to compute the position of the source using a
LS approach when there are N > 3 sensors making TOA
measurements. Each of the N — 1 non-redundant lines is of
the form (see equation (3)):

Q1T + ai2ys = al@s = b; )

for the it* line, where a; = [a;; @;2]T and =, =
[zs ys]T. The system of equations describing all of the
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lines can be written in matrix form as
Az, =b (10)

where AT = [@1 az---ag] and b = [by by---bg]T, and
G is the number of lines used. Due to measurement errors
which are contained in the vector b, a LS solution is used,
resulting in the LS estimate for &, as

& = (ATA)_l ATb . an

The minimum number of linear LOPs used for the LS
solution is G = N — 1, the number of non-redundant lines.
However, since the LS solution finds the estimate that is
closest to the LOPs, we can use more than the minimum
number. The additional lines can be considered since in the
LS solution, we are not interested in computing the inter-
sections of lines. The maximum number of lines that can be
used in the LS algorithm is 3C(NV, 3) /(N — 2). This num-
ber takes into account the fact that the lines generated from
all possible combinations of three sensors (C(IV, 3)) occur
multiple times. Hence, the size of the matrix A and vector
barelimitedby N -1 < G < 3C(N, 3)/(N —2). This al-
gorithm is obviously much less difficult than the geometric
one since there is no need to compute intersections of many
lines.

4. Performance

Various simulations were performed to assess the per-
formance of the algorithms discussed in the previous sec-
tion. In the simulations, the sensors were located at ; =
[0 0T, z» = [2000 2500)7, =z = [5000 2000] and
x4 = [3000 1500]7. The source was randomly placed
around the sensors. The TOA measurements were each
corrupted by zero-mean white Gaussian noise (WGN) in
some simulations, and by an non-zero mean WGN in others
to represent measurement bias as might occur in non-line-
of-sight (NLOS) transmissions. The algorithms were also
compared to LS algorithms based on Taylor series lineariza-
tion (TS-LS) [4, 8].

In each of the figures that follow, results for three and
four BSs (or sensors) are provided. For the three sensor
case, the intersection of two linear LOPs is used for the
“line intersection” method, whereas in the four sensor case,
the mean of the three points of intersection from the three
non-redundant LOPs was used as the estimate. For the LS
solutions in the four sensor case, the number of lines used
in the algorithm varies from the minimum (G = 3) to the
maximum (G = 6). The TS-LS solutions are based on the
Taylor series LS algorithms referenced above. Furthermore,
the figures are divided depending whether the source was
located within the perimeter of the sensors or outside of it.
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Figure 3. The location error versus the stan-
dard deviation of the measurement noise for
various location algorithms with 3 and 4 sen-
sors. The error is computed for locations in-
side the perimeter of sensors.

We will find that this makes a difference in performance due
to the algorithms dependence on the geometry of the sensor
positions.

Fig. 3 shows the mean location error for the several algo-
rithms for various noise standard deviations (no bias) while
the source was located inside the perimeter of the sensors.
The figure shows that the performance is decreased as the
standard deviation of the noise is increased, which is ex-
pected. The linear intersection method for three sensors
is shown to perform nearly identically to the TS-LS algo-
rithm. For four sensors, all of the linear LS methods per-
form closely regardless of the number of lines, G, used.
Also, they perform slightly worse than the four sensor TS-
LS algorithm, with the discrepancy increasing with increas-
ing noise standard deviation.

Fig. 4 shows a similar plot but where the source was re-
stricted to outside the perimeter area of the sensors. In this
case, the algorithms based on the new geometry perform
much worse than the TS-LS methods. In fact, the three
sensor TS-LS algorithm outperforms the four sensor linear
LS methods of the previous section. These results indicate
the importance of geometry on the performance of an algo-
rithm.

Fig. 5 shows the effect that a measurement bias (non-
zero mean WGN) can have on performance. The standard
deviation of the bias was 100 m, so that the bias dominated
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Figure 4. The location error versus the stan-
dard deviation of the measurement noise for
various location algorithms with 3 and 4 sen-
sors. The error is computed for locations ouz-
side of the perimeter of sensors.
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Figure 5. The location error versus the mea-
surement bias for various location algorithms
with 3 and 4 sensors. The error is computed
for locations inside of the perimeter of sen-
sors.
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Figure 6. The location error versus the mea-
surement bias for various location algorithms
with 3 and 4 sensors. The error is computed
for locations outside of the perimeter of sen-
sors.

the performance. For positions inside the perimeter of the
sensors, it is found that all of the algorithms based on the
new geometry drastically outperformed the TS-LS meth-
ods. In fact, the simple three sensor line intersection method
greatly outperformed the four sensor TS-LS algorithm.

Finally, Fig. 6 show similar results for positions outside
the perimeter of sensors. The four sensor linear LS algo-
rithms of this paper outperformed the other algorithms, par-
ticularly for high biases. At high biases, the TS-LS algo-
rithms perform equally poorly compared to the linear LS for
all values of G. The line intersection method for four sen-
sors performs identically to the linear LS algorithms, while
for three sensors, it performs worse, but not as bad as the
TS-LS algorithms for large bias values.

To illustrate graphically the difference in dependence
that the linear LS approach of this paper and the TS-LS al-
gorithm have on geometry, we generated surface plots of
the error for an area encompassing the four sensors. The
error surfaces were generated by adding an error of 50 m
to the TOA measurement of the first sensor (located at x1).
The TOAs for the other sensors were exact. The surfaces
in Figs. 7, 8, and 9.  Fig. 7 shows the error surface for
the TS-LS algorithms using three sensors. The X’s on the
z — y plane indicate the positions of the sensors. A contour
mapping of the surface is also shown on the z — y plane.
Fig. 8 shows the surface for the linear LS method using four
sensors and three (the minimum) LOPs. It is interesting to
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Figure 7. Error surface generated for the TS-
LS location algorithm using three sensors.
The range measurement for sensor 1 is per-
turbed by 50 m.
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Figure 8. Error surface generated for the
straight-line LS location algorithm based on
three lines using four sensors. The range
measurement for sensor 1 is perturbed by
50m.
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Figure 9. Error surface generated for the TS-
LS location algorithm using four sensors.
The range measurement for sensor 1 is per-
turbed by 50 m.

note that the error increases almost linearly as one moves
away from the position of sensor 1 (at (0,0)). In the pre-
vious figure, the error was minimized near and in between
the sensors, but not for the linear LS algorithm whose er-
ror surface seems to depend completely on the position of
the sensor with the erred TOA measurement. Finally, Fig. 9
shows the error surface for the TS-LS algorithm using four
sensors. The geometry shapes the surface much differently
than the three sensor case.

5. Conclusions

A new interpretation of the geometry of TOA location
has been presented. The approach replaced the circular
LOPs, typically associated with ranging, with linear LOPs.
Two algorithms were discussed from the new geometry.
The geometrical solution found the intersection of the linear
LOPs and used the mean of those intersections for a loca-
tion estimate. A LS solution was based on the linear equa-
tions representing the LOPs. Simulations showed that the
performance was slightly worse than LS with Taylor series
linearization (TS-LS) when the TOA measurements were
corrupted by zero-mean WGN both inside and outside the
perimeter of the sensors. However, the performance of the
linear LS algorithm was significantly better than the TS-LS
algorithm when a large bias was present. This may find
some significant role in wireless location for E-911 since
non-line-of-sight propagation introduces a bias in measure-
ments. Also, the the results near and inside the perimeter
of the sensors are more significant for wireless location in
cellular systems since the most probably BSs to be used for
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location are those that lie closest to the MS.
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