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Abstract. In this paper, the expected running time of two multiobjective evolutionary algorithms, SEMO and FEMO, is analyzed for a simple instance of the
multiobjective 0/1 knapsack problem. The considered problem instance has two
proﬁt values per item and cannot be solved by one-bit mutations. In the analysis,
we make use of two general upper bound techniques, the decision space partition
method and the graph search method. The paper demonstrates how these methods,
which have previously only been applied to algorithms with one-bit mutations, are
equally applicable for mutation operators where each bit is ﬂipped independently
with a certain probability.
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1. Introduction
Evolutionary Algorithms (EAs) are probabilistic search techniques inspired by models of natural evolution (Bäck et al., 1997). EAs have
successfully been applied to optimization problems in various disciplines, including problems with multiple objectives (see Deb (2001) for
an overview). Although EAs are relatively simple to describe and to
implement compared with other, more specialized optimization methods, they represent stochastic processes which are diﬃcult to analyze.
Nevertheless, it is desirable to make precise statements about their performance, e.g., how long a certain algorithm takes to ﬁnd the optimal
solution for a speciﬁc problem or a problem class.
In the case of a single objective and discrete search spaces, several
theoretical results have been achieved regarding the optimization of
pseudo-Boolean functions, a recent overview is given by Beyer et al.
(2002). In the multiobjective case, however, no running time results
have been available until recently. Scharnow et al. (2002) analyzed a
variant of the (1+1)-EA on the shortest path problem and showed
that a multiobjective formulation of the problem can reduce the time
to ﬁnd the single optimum considerably. In previous work (Laumanns
et al., 2002), we presented the ﬁrst running time analysis of populationbased EAs (SEMO and FEMO) on a pseudo-Boolean problem with
c 2003 Kluwer Academic Publishers. Printed in the Netherlands.
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two conﬂicting objectives (LOTZ — Leading Ones Trailing Zeroes).
This study was subsequently extended in (Laumanns et al., 2004) by
considering two problems (mLOTZ and mCOCZ) with an arbitrary
number of objectives m, and by comparing the running time of diﬀerent
population-based multiobjective EAs with a multistart (1+1)-EA based
on the epsilon-constraint method. This study introduced a general upper bound method based on decision space partition and a general
graph search method. The results, however, were derived only under
the assumption of one-bit mutations.
The use of one-bit mutations is attractive for theoretical investigations as its analysis is often easier compared to other mutation
operators. It is, however, only a local search operator ﬂipping one
bit at a time and therefore does not guarantee a ﬁnite running time
for all pseudo-Boolean functions. On the contrary, the independent-bit
mutation operator, which ﬂips each bit independently with a certain
probability, can be called a global search operator since it can produce
any point in the decision space with positive probability. Thus, the
independent-bit mutation operator is more commonly used in practise,
but its analysis is typically more diﬃcult, in the single-objective as well
as in the multiobjective case. Nevertheless, the ﬁrst analysis of the simple evolutionary multiobjective optimizer SEMO using independent-bit
mutations was given by Giel (2003), who proved a tight worst-case
bound that holds for all functions {0, 1}n −→ IRm as well as running
time bounds for the LOTZ and for another two-objective problem
originally proposed by Schaﬀer (1985).
The aim of this paper is to show that the general analytical techniques developed in (Laumanns et al., 2004) are also applicable to algorithms with independent-bit mutations, and how this can be achieved.
In particular, the graph search method needs to be applied with caution, and we present a new lemma based on spanning trees to cope
with the diﬃculties of independent-bit mutations. To exemplify the
approach, we analyze a simple instance of the multiobjective knapsack
problem, which will be introduced in the next section. Section 2 also
introduces the algorithms to be investigated. The subsequent analysis
is split into two parts. The ﬁrst part covers the time needed to explore
non-optimal search points and applies the general upper bound technique based on decision space partition. The second part is concerned
with the time needed to explore the Pareto-optimal set and makes use
of the general graph search technique.
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2. Problem Statement
The optimization problem considered in this study is a special instance
of the multiobjective knapsack problem. Given is a set of n items, each
of which has m proﬁt and k weight values associated with it. The goal
is to select a subset of items such that the sums over each of their k-th
weight values do not exceed given bounds and the sums over each of
their m-th proﬁt values are maximized.
This type of knapsack problem has been used extensively as a benchmark problem for evolutionary multiobjective optimization (see, e.g.,
Zitzler and Thiele, 1999, or Jaszkiewicz, 2002). A representation as a
pseudo-Boolean optimization problem is typically used, where the n
binary decision variables denote whether an item is selected or not.
For empirical studies, the parameters of the problem, the weight and
proﬁt values, are usually drawn at random from a given probability
distribution.
Here, we restrict ourselves to the following simple instance with
m = 2 objectives and k = 1 constraint. The weights are constant, and
the proﬁt values are exponentially decreasing in the ﬁrst objective and
exponentially increasing in the second objective.
Definition 1. (MOKP) Let X = {0, 1}n be the decision space and
n ∈ IN. The Multiobjective Knapsack Problem (MOKP) is deﬁned as
the problem to
maximize
subject to
where

f (x) = (f1 (x), f2 (x))
g(x) ≤ n/2,
f1 (x) =

n


2n−i xi ,

i=1

f2 (x) =

n


2i−1 xi ,

i=1

g(x) =

n


xi ,

i=1

x = (x1 , . . . , xn ) ∈ X.
Our goal is to identify the set of Pareto-optimal decision vectors of
MOKP according to the following deﬁnition.
Definition 2. (Pareto optimality) Let f : X → F , where f is called
objective function, X decision space, and F ⊆ IRm objective space. The
elements of X are called decision vectors and the elements of F objective
vectors. Let X  ⊆ X denote the set of feasible decision vectors, i.e.,
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decision vectors fulﬁlling the constraints. A feasible decision vector x∗ ∈
X  is Pareto optimal if there is no other x ∈ X  that dominates x∗ . x
dominates x∗ , denoted as x f x∗ , if fi (x) ≥ fi (x∗ ) for all i = 1, . . . , m
and fi (x) > fi (x∗ ) for at least one index i. The set of all Pareto optimal
decision vectors X ∗ is called Pareto set. F ∗ = f (X ∗ ) is the set of all
Pareto optimal objective vectors and denoted as Pareto front.
The MOKP function is a bijection, so none of the |X| = Θ(2n )
decision vectors maps to the same objective vector. The Pareto set
contains |X ∗ | = n2 /4 + 1 elements and has the following form.
Proposition 1. A decision vector x ∈ X is Pareto-optimal in the
MOKP problem, if and only if it has the form
(1, 1, . . . , 1, 0, 0, . . . , 0, 1, 1, . . . , 1) (Type 1)



a

 



 

n
2



n
−a
2



or
(1, 1, . . . , 1, 0, 0, . . . , 0, 1, 0, 0, . . . , 0, 1, 1, . . . , 1),



b

 


c







n
−c
2

 



n
−b−1
2



(Type 2)

where a ∈ {0, 1, . . . , n2 }, b ∈ {0, 1, . . . , n2 − 1}, and c ∈ {1, . . . , n2 − 1}.
Proof. First let us note that only vectors with n/2 variables set to
one can be Pareto-optimal. A solution with less than n/2 ones can
be improved in both objectives by exchanging any arbitrary zero to
one. Setting more than n/2 variables to one, however, results in an
infeasible solution. Now we show that all decision vectors with n/2 ones
that are not of the claimed form are dominated by some other vector.
For those vectors there exist some p, q ∈ {2, . . . , n} with p < q such
that xp = xq = 1 and xp−1 = xq+1 = 0. Inverting all these variables
will increase the ﬁrst objective by 2n−p − 2n−q−1 > 0 and the second
objective by 2q−1 −2p−2 > 0, thus creating a dominating vector. Finally,
we show that a given decision vector x of the claimed form cannot be
dominated by any other decision vector. The ﬁrst objective can only
be improved if a pair of variables xj = 0 and xi = 1 with j < i can be
found and inverted, i.e., a one-bit is moved to the left in the bit-string.
To compensate for the decrease in the second objective, at least another
one-bit has to be moved to the right. We are not allowed to change any
of the one-bits with index smaller than j, since this would sweep oﬀ
the gain in the ﬁrst objective. All remaining one-bits, however, occupy
already the rightmost positions in the bit-string. Due to symmetry, the
same argumentation holds if we want to increase the second objective
2
without decreasing the ﬁrst objective.
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This MOKP problem has a further interesting feature: only the n/2+
1 Pareto-optimal decision vectors of the ﬁrst type are so-called ’supported’ solutions. Only for a supported solution there exists
a weight

combination such that the solution is the maximum of m
i=1 wi fi (x),
the single-objective surrogate problem given by a weighted sum of the
objectives.
def

Proposition 2. Let Φ(x) = wf1 (x)+(1−w)f2 (x). w ∈ [0, 1]. For each
Pareto-optimal decision vector x of Type 2 and each w ∈ [0, 1], there
exists some Pareto-optimal vector x of Type 1 such that Φ(x ) > Φ(x ).
Proof. Let w.l.o.g. x be a Pareto-optimal vector of Type 2, where
the bit with index b + c + 1 is set to one. Let x , x be deﬁned as the
two vectors identical with x at n − 2 positions, where only this one-bit
is moved to position b + 1 and n/2 + b + 1, respectively. Clearly, these
x , x belong to Type 1. We show that (Φ(x ) + Φ(x ))/2 > Φ(x )
from which follows that at least one of the two values Φ(x ) and Φ(x )
must be larger than Φ(x ).
(Φ(x ) + Φ(x ))/2 > Φ(x )
⇔ w(2n−b−2 + 2n−n/2−b−2 ) +
(1 − w)(2b−1 + 2n/2+b−1 ) > w2n−b−c−1 + (1 − w)2b+c
⇔ w(2−1 + 2−n/2−1 ) +
(1 − w)(2−1 + 2n/2−1 ) > w2−c + (1 − w)2c
The last inequality is fulﬁlled for 1 ≤ c ≤ n/2 − 1, which holds for
all possible decision vectors of Type 2 according to the deﬁnition in
2
Proposition 1.
Thus, we cannot expect to identify all Pareto-optimal solutions by
using multiple runs of a single-objective optimizer using a weighted
sum aggregation of the objectives with diﬀerent weight combinations.
Our goal is therefore to investigate, how long diﬀerent multiobjective
EAs take to ﬁnd the whole Pareto set X ∗ of MOKP. The algorithms
we consider are the SEMO (Simple Evolutionary Multiobjective Optimizer) and the FEMO (Fair Evolutionary Multiobjective Optimizer).
In contrast to the original version of Laumanns et al. (2002), we use the
independent-bit mutation, which results, according to the deﬁnition of
Giel (2003), in the global SEMO and global FEMO. Both algorithms
were so far only applied to unconstrained problems, so the question
arises of how to deal with the constraint here. Our idea is to adapt and
generalize the order relation of Deﬁnition 2, which so far only involves
the objectives and ignores the constraints. This approach makes it
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Algorithm 1 Global SEMO
1: Choose an initial individual x uniformly from X
2: P ← {x}
3: loop
4:
Select one element x out of P uniformly.
5:
Create x by ﬂipping each bit of x with probability 1/n
6:
if ∃y ∈ P such that (y  x ∨ f (y) = f (x )) then
7:
P ← (P \ {z ∈ P |x  z}) ∪ {x }
8:
end if
9: end loop
Algorithm 2 Global FEMO
1: Choose an initial individual x uniformly from X
2: w(x) ← 0
{Initialize oﬀspring count}
3: P ← {x}
4: loop
5:
Select one element x out of {y ∈ P | w(y) ≤ w(z) ∀z ∈ P }
uniformly.
6:
w(x) ← w(x) + 1
{Increment oﬀspring count}
7:
Create x by ﬂipping each bit of x with probability 1/n
8:
if ∃y ∈ P such that (y  x ∨ f (y) = f (x )) then
9:
P ← (P \ {z ∈ P |x  z}) ∪ {x }
10:
w(x ) ← 0
{Initialize oﬀspring count}
11:
end if
12: end loop
unnecessary to incorporate a dedicated constraint handling technique
in the deﬁnition of the algorithm. The algorithms can therefore remain
unchanged.
Definition 3. Let the MOKP according to Deﬁnition 1 be given and
let

n/2 − g(x) if g(x) > n/2
def
g (x) =
0
else.
The order relation  ⊆ X × X is deﬁned as
x  y :⇔ [g (x) > g (y)] ∨ [g(x) = 0 ∧ x f y].
Since the algorithms do not have an explicit stopping rule, we are
interested in their running time until all elements of the Pareto set
have been identiﬁed and are contained in the internal memory P of the
algorithm.
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Definition 4. (Running Time) Let an algorithm Af,g be given which
calculates the pair (f (x), g(x)) of objective and constraint values for
each decision vector x given as input. Let P (t) , t ∈ IN, denote the population of a multiobjective optimization algorithm applied to problem
(f, g) after t calls to Af,g . Then the random variable T denoting the
running time of A on (f, g) is deﬁned as the minimum t such that
X ∗ ⊆ P (t) .

3. Analysis
The analysis is based on bounding the number of times a decision alternative will undergo mutation, and hence contribute to the total running
time to the algorithm. The analysis will be split into two parts. The
reason for this is that we have to handle Pareto-optimal and non-Pareto
optimal decision vectors diﬀerently: all non-Pareto optimal points can
be improved by mutation and have therefore a limited lifetime after
which a better point is found and the original one is removed from the
population. Pareto-optimal solutions, in contrast, stay in the population forever, and therefore need to be accounted for with a diﬀerent
technique. In the ﬁrst part, we investigate the number of objective
function evaluations caused by mutating solutions that are not Paretooptimal. The general upper bound technique based on decision space
partition helps us to derive a common upper bound for SEMO and
FEMO together. In the second part, we calculate the remaining time
by considering mutations of Pareto-optimal solutions only. Here, we
apply the general graph search method to derive diﬀerent bounds for
SEMO and FEMO.
3.1. Part I: Towards the Pareto Set
The idea behind the general upper bound lemma below is as follows. We
require the selection operator never to accept any dominated solution
and always to accept any non-dominated one (and never discard it
unless it becomes dominated by another solution). Such a simple elitist
selection strategy is, for instance, employed in our algorithms SEMO
and FEMO. Every suboptimal solution can be improved with positive
probability by mutation. This allows us to individually bound their
maximum ’lifetime’, i.e., the expected number of mutation trials of
every solution until a better (dominating) individual is produced. The
summation over all these individual lifetimes gives an upper bound for
the expected number of mutations, and hence objective function evaluations, necessary for all suboptimal solutions. The number of terms

paper.tex; 16/12/2003; 19:16; p.7

8

Marco Laumanns et al.

in this sum, which is given by the size of the decision space, can be
reduced substantially by a suitable grouping of decision vectors.
Lemma 1. (Decision Space Partition Lemma, Laumanns et al., 2004)
Let the dominated part of the
decision space, X \ X ∗ be partitioned

into k sets X1 , . . . , Xk with 1≤i≤k Xi = X \ X ∗ and Xi ∩ Xj = ∅ for
all i, j. Let the dominance relation on sets be deﬁned as
Xi  Xj ⇔ ∀(a, b) ∈ Xi × Xj : a  b.
The sets d(Xi ) := {Xj : Xj  Xi } contain all sets Xj that dominate
set Xi .
Let an algorithm be given that iteratively modiﬁes a population P
by a sequence of mutation and selection operations with the following
properties.
(1) For each Xi , the probability that the mutation operator applied
to any x ∈ Xi produces an individual x in a dominating decision
space subset from d(Xi ) is bounded below by p(Xi ) > 0, i.e., 0 <
p(Xi ) ≤ minx∈Xi {Prob{x ∈ d(Xi )|x ∈ Xi }}.
(2) A newly generated decision vector will enter the population P only
if it is not dominated by any other element of P .
(3) A decision vector is deleted from the population P if and only if a
dominating decision vector is included into the population.
Then the expected number of times the mutation operator
is applied to

non-Pareto optimal decision vectors is bounded above by ki=1 p(Xi )−1 .
To apply this general lemma, the following steps have to be completed.
1. We have to deﬁne a suitable decision space partition.
2. We have to ﬁnd and prove suitable lower bounds on the mutation
success probabilities for each subset in the partition.
3. We have to prove that the selection operator of the algorithm under
concern fulﬁlls properties (2) and (3).
4. We have to sum the individual mutation success probabilities.
Next, we will exemplify this procedure for both the SEMO and FEMO
applied to the MOKP problem.
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Step 1: The aim in ﬁnding a suitable partition is to group as many
decision vectors as possible into each subset without, however,
hampering the search for suitable mutation success probabilities
in the next step. This might in general be very diﬃcult or even
impossible for certain problems. Here, we choose to classify the
feasible decision vectors according to two aspects, the number of
consecutive components set to one at the beginning and at the
end:

:= {x ∈ X  | xj = 0, xn/2+i+j−1 = 0,
Xi,j
xs = 1 ∀ (s < j ∨ s > n/2 + i + j − 1)}
where i ∈ {2, . . . , n/2}, j ∈ {1, . . . , n/2 − i − 1}.

The infeasible solutions are simply classiﬁed according to the number of ones they contain:
Xr := {x ∈ X \ X  |

n


xi = r}

i=1

where

r ∈ {n/2 + 1, . . . , n}.

Step 2: Consider an arbitrary x ∈ Xr . To produce an x ∈ d(Xr ),
it is suﬃcient to ﬂip one variables from one to zero and keep all
variables set to zero unchanged. Therefore, p(Xr ) ≥ 1/en. For
 . To produce an x ∈ d(X  ), it is suﬃcient
an arbitrary x ∈ Xi,j
i,j
to ﬂip both variables xj and xn/2+i+j−1 from zero to one, which
happens with probability 1/n2 . In the worst case, the constraint
will be exceeded by 2, and we have to ﬂip 2 out of i variables from
one to zero, which happens with probability i(i − 1)/2n2 . The
remaining n − 4 variables have to stay unchanged, which happens
 ) :=
with probability at least 1/e. Overall, a lower bound of p(Xi,j
i(i − 1)/2en4 holds.
Step 3: Both SEMO and FEMO fulﬁll the properties by construction:
for SEMO see lines 6 and 7, for FEMO see lines 8 and 9.
Step 4:
n/2 n/2−i−1


i=2

=

j=1

n/2

n

(

i=2

 −1
p(Xi,j
) +

2

n


p(Xr )−1

r=n/2+1

− i − 1)

n

en4
+
en
i(i − 1) r=n/2+1

n/2−1

≤ 2en5

 1
i=1

i2

+ en2 = O(n5 )
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Now, we can apply the decision space partition lemma to arrive
at the following theorem bounding the expected number of function
evaluations of both SEMO and FEMO in suboptimal regions.
Theorem 1. For SEMO and FEMO applied to the MOKP problem,
the expected number of objective function evaluations caused by mutants of suboptimal solutions, i.e., solutions from X \ X ∗ , is bounded
above by O(n5 ).
3.2. Part II: On the Pareto Set
The lemma we applied in the previous section is based on the assumption of a maximum lifetime of a suboptimal solution in the population.
Once a Pareto-optimal solution enters the population it will stay there
forever because no further improvement is possible for this solution.
Hence, we cannot resort to the decision space partition technique when
accounting for mutations of Pareto-optimal solutions. Instead of asking
how much time it takes to improve a solution, i.e., to move the population closer to the Pareto set, we will investigate now how quickly the
population can expand along the Pareto set. This is the motivation of
the graph search method described in the following.
We are given a random starting node v1 and a randomized operator
jump : V → V, which returns for each node v a neighbor v  of v with
probability given by the edge weight w(v, v  ). The purpose of Algorithm 3 is to determine V and E using a minimal number of calls to
jump. Note that the edge weights are parameters of the problem, while
the node weights are used by the algorithm as internal variables.
In previous work (Laumanns et al., 2004), we developed a theorem
to bound the expected number of calls to jump in Algorithm 3. This
theorem was then applied for algorithms using the selection strategy of
FEMO, and under the assumption of one-bit mutations. In this case,
it is straightforward to associate the node set V with X ∗ and the edge
set E with all possible mutations, i.e., pairs of solutions that have a
hamming distance of one. All edges weights are therefore equal to 1/n.
With the additional property that no mutation of a Pareto-optimal
solution could result in a suboptimal solution, the theorem could be
applied by setting p = 1/n and determining the cardinality of V and
E.
In the case of independent-bit mutations, though, this theorem cannot be applied in its current form, because every decision vector is
reachable by mutation with positive probability from any decision vector. Thus, we have to consider (i) that Pareto-optimal solutions can always produce suboptimal solutions by mutation, and (ii) G = (V, E) =
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Algorithm 3 Randomized Graph Search
1: w(v1 ) ← 0
2: V ← {v1 }; E ← {}
3: loop
4:
Select a node v  out of {v  ∈ V | w(v  ) ≤ w(v) ∀v ∈ V } uniformly.
5:
w(v  ) ← w(v  ) + 1
6:
v  ← jump(v  )
7:
if v  ∈ V then
8:
w(v  ) ← 0
9:
V ← V ∪ {v  }; E ← E ∪ {(v  , v  )}
10:
end if
11: end loop
(X ∗ , X ∗ ×X ∗ ) is completely connected, with a lower bound on the edge
weights as small as 2−n . The ﬁrst issue can be solved by arguing that
even if this suboptimal solution is included into the population and subsequently selected to undergo mutation, such mutation trials are also
already accounted for by the decision space partition lemma and can be
ignored here. To solve the second issue, we have will derive a stronger
version of this theorem, denoted below as the General Graph Search
Lemma. The idea here is to work with edge sets that represent spanning
trees. This guarantees that all elements are reachable successively by
mutation, and minimizes the number of necessary edges to be traversed
by mutation. All mutations that correspond to edges not belonging to
the spanning tree can be ignored. Out of all possible spanning trees,
we look for the one with the largest possible lower bound on the edge
weights. In the proof we apply the technique of the investigation of
typical runs proposed by Wegener (2000).
Lemma 2. (General Graph Search Lemma) If p is a lower bound of
the edge weights of a spanning tree of G = (V, E) then Algorithm 3
has found all nodes and edges of G after (c + 1) |Vp | ln |V | calls to jump
with probability at least 1 − |V |−c . The expected number of calls to
jump is bounded by O( |Vp | log |V |).
Proof. Let a typical run of the algorithm deﬁned by the property that
there is no node v ∈ V , for which jump has been called more than
λ = c+1
p ln |V | times at the moment where the last missing node has
been found. This implies that jump has not been called more than
(c + 1) |Vp | ln |V | times. To prove the ﬁrst claim of the lemma, we have
to bound the failure probability, i.e., the probability that a run is not
typical, by |V |−c . As soon as the initial node v1 is ﬁxed, this node is
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deﬁned as the root of the considered spanning tree. Let a(vi ) be the
direct predecessor of node vi in this spanning tree. For each vi , i ∈
{2 . . . , |V |}, we deﬁne the individual failure probabilities q(vi ) as the
probability of the event that none of the calls of jump(a(vi )) returns
vi . With p being a lower bound on the edge weights, q(vi ) ≤ (1 −
p)λ ≤ |V |−(c+1) . The total failure probability can at most be the sum
of the individual failure probabilities over all nodes to be found. With
|
−c
i=2 V | ≤ |V | , the ﬁrst part of the proof is completed. For the
expected number of calls, let the random variable J denote the number
of calls to jump, divided by |Vp | ln |V |. With
E(J) ≤ 1 · Prob{0 ≤ J < 1} + 2 · Prob{1 ≤ J < 2} + . . .
≤ 3+
≤ 3+

∞


c · Prob{J ≥ c − 1}

c=3
∞


(c + 2)|V |−c

c=1

≤ 3+

|V |
2
= O(1),
+
2
(|V | − 1)
|V | − 1

the bound on the expected number of calls to jump follows.

2

For our MOKP, it is possible to construct a spanning tree of X ∗
with a lower edge weight bound of p = 1/en2 (see Figure 1). Therefore,
and since |V | = |X ∗ | = |E| − 1, the following theorem holds.
Theorem 2. For FEMO applied to the MOKP problem, the expected
number of objective function evaluations caused by mutants of Paretooptimal solutions is bounded above by O(n4 log n).
Consider the spanning tree of X ∗ , where E  := {(xa , xb ) such

Proof.
that

xa = (1, 1, . . . , 1, 0, 0, . . . , 0, 1, 1, . . . , 1), a ∈ {1, . . . , n/2},



a

 



 

n
2



n
−a
2



xb = (1, 1, . . . , 1, 0, 0, . . . , 0, 1, 0, 0, . . . , 0, 1, 1, . . . , 1), b ∈ {1, . . . , n/2}}.




a−1

 


b







n
−b
2

 



n
−a
2



Every two nodes connected by an edge have a hamming distance of
two, so the probability that the mutation operator applied to either
of them produces the other one is at least 1/en2 . Now assume that
Algorithm 3 is applied to ﬁnd (X ∗ , E  ) and initialized with v1 as the
ﬁrst Pareto-optimal solution found by FEMO. With p = 1/en2 and
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Figure 1. Graph whose node set represents the Pareto set of MOKP with n = 10.
The dotted edges connect all points with hamming distance two. The edges marked
in black constitute a possible spanning tree.

Theorem 2, the expected number of iterations J of this algorithm is
O(n4 log n). In FEMO, though, it might occur that the population P
contains both Pareto-optimal and non-optimal solutions at the same
time. Let the random variable T  be deﬁned as the number of function
evaluations caused by mutants of Pareto-optimal solutions. If a nonoptimal solution is selected in line 5 of FEMO, the respective objective
function evaluation is not an event which T  accounts for. The new
solution produced in this iteration can nevertheless be Pareto-optimal.
The possibility of such events can only lower the failure probabilities of
Lemma 2. Therefore, Prob{T ≤ t} ≤ Prob{J ≤ t} for all t, and hence
2
E(T  ) ≤ E(J) = O(n4 log n).
Algorithm 3 represents the selection and sampling scheme of FEMO.
In order to model the behavior of SEMO, we simply have to replace
line 4 by
4: Select a node v out of V uniformly.

Lemma 3. For Algorithm 3, modiﬁed as above, the expected number
of calls to jump until all nodes and edges of G = (V, E) are found is
bounded by p−1 |V |2 , where p is a lower bound of the edge weights of a
spanning tree of G.
Proof. As long as not all nodes of V have been found, the spanning
tree contains at least one node v with a so far unmarked edge (v, v  )
joining v with a yet undiscovered node v  . The probability to select this
v in line 4 is at least 1/|V |, and the probability that the immediate call
to jump returns v  is at least p. Thus, the expected waiting time until
the number of found nodes increases by one is at most |V |/p. As at
most |V | − 1 such increasing steps are necessary, the claim follows. 2
With this lemma, the following theorem holds:
Theorem 3. For SEMO applied to the MOKP problem, the expected
number of objective function evaluations caused by mutants of Paretooptimal solutions is bounded above by O(n6 ).
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Together with the results of Part I, the expected total running time
of SEMO and FEMO can be bounded as:
Corollary 1. To ﬁnd the Pareto set of MOKP, the expected running
time of SEMO can be bounded by O(n6 ) and the expected running
time of FEMO by O(n5 ).
In order to judge the eﬃciency of the algorithms based on these
results, we could hypothetically distribute the total running time evenly
among the Θ(n2 ) Pareto-optimal solutions found: FEMO ’uses’ about
O(n3 ) time and SEMO about O(n4 ) time on average per Pareto-optimal
solution. As there are no results of other algorithms available, these
numbers are diﬃcult to interpret. A single-objective (1+1)-EA, for
instance, needs Θ(n2 ) time to ﬁnd the optimum of any weighted sum
of the two objectives of MOKP. However, as discussed earlier, only the
n/2 − 1 supported Pareto-optimal points can be found in this way, and
only if the right weight combination would be known beforehand, while
the remaining Ω(n2 ) Pareto-optimal points are not guaranteed to be
found by this approach.

4. Conclusion
We have demonstrated the use of two general upper bound methods to
analyze the running time of population-based multiobjective evolutionary algorithms with simple elitist selection rules and independent-bit
mutations. A simple two-objective instance of the knapsack problem
was deﬁned, where the minimum hamming distance between Paretooptimal solutions is two so that algorithms with one-bit mutations are
not able to solve this problem. For two speciﬁc algorithms, SEMO
and FEMO, the methods allowed us to derive bounds on the expected
running time of O(n6 ) and O(n5 ), respectively.
These techniques, the decision space partition and the graph search
method, are applicable to diﬀerent algorithms and a broad range of
problems. It might of course be possible to derive better bounds for
certain cases. This, however, has to be done on a case-by-case analysis
for each problem and each algorithm separately. The power of the
general methods lies in the fact that they can avoid this tedious work.
One way to show that a bound obtained by the general techniques
are tight is to prove a matching lower bound of the same growth rate.
Such lower bound techniques do not exist so far, and it is a challenge
to develop them.
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